INVARIANTS FOR E -SEMIGROUPS ON Hi 
FACTORS 

OLIVER T. MARGETTS AND R. SRINIVASAN 
We humbly dedicate this paper to the memory of Bill Arveson. 

Abstract. We introduce four new cocycle conjugacy invari- 
ants for i?o-semigroups on Hi factors: a coupling index, a di- 
mension for the gauge group, a super product system and a C- 
semiflow. Using noncommutative Ito integrals we show that 
the dimension of the gauge group can be computed from the 
structure of the additive cocycles. We do this for the Clifford 
flows and even Clifford flows on the hyperfinite Hi factor, and 
for the free flows on the free group factor L{F 00 ). In all cases 
the index is 0, which implies they have trivial gauge groups. 
We compute the super product systems for these families and, 
using this, we show they have trivial coupling index. Finally, 
using the C*-semiflow and the boundary representation of Pow- 
ers and Alevras, we show that the families of Clifford flows 
and even Clifford flows contain infinitely many mutually non- 
cocycle-conjugate Eo-semigroups. 



1. Introduction 

A weak-* continuous semigroup of unital *-endomorphisms on a 
von Neumann algebra is called an Eo-semigroup. They arise nat- 
urally in the study of open quantum systems ([5], [E]), the theory 
of interactions ([2], [3], [5]), and in algebraic quantum field theory 
(simply restrict the time evolution to an algebra of observables cor- 
responding to the future light cone). For Eo-semigroups on type I 
factors the subject has grown rapidly since its inception in [21] (see 
the monograph [1] for extensive references). Arveson showed that 
these Eo-semigroups are completely classified by continuous tensor 
products of Hilbert spaces, called product systems, and this gives a 
rough division into "types" I, II and III. The type I Eo-semigroups on 
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type I factors are just the CCR flows ([!]), but there are uncountably 
many exotic product systems of types II and III ( [13] , [2] [18] , [25] ) . 

By contrast, after their study was initiated by Powers (in the 
same 1988 paper [21]), there has been little progress regarding Eo- 
semigroups on type Hi factors. In [1] Alexis Alevras made develop- 
ments for Eo-semigroups on Hi factors analogous to the theory on 
type I factors. He associated a product system of Hilbert modules to 
every Eo-semigroup and showed that they form a complete invariant 
(product systems of Hilbert modules have also been considered in 
[7], [8], but they are slightly different in form and function to the 
ones considered here). He also introduced an index using Powers' 
boundary representation ([21]) and computed the index for several 
important cases. 

Still, this does not classify even the simplest examples of Eo- 
semigroups on the hyperfinite Hi factor. One problem is that Alevras 
was unable to show his index is an invariant up to cocycle conjugacy 
(see Section 2). For type I factors, Powers showed his index is a co- 
cycle conjugacy invariant by proving it equals the Arveson index, an 
intrinsic property of the product system ( [22] , [23] ) . For Hi factors 
there is no known connection between the index of the semigroup 
and the product system of Hilbert modules. Directly related to this 
is a lack of effective invariants for these objects. 

The structure of the paper is as follows. In Section 2 we give the 
basic definitions of Eo-semigroups, cocycle conjugacy, units and the 
gauge group. We introduce three important families of examples: 
Clifford flows and even Clifford flows on the hyperfinite Hi factor, 
and free flows on the free group factor L{F oa ). All three are, in 
a generalized sense, second quantizations of unilateral shifts on L 2 
spaces. 

In Section 3, for an Eo-semigroup a on M, we use use the antilinear 
*-isomorphism j = Ad(J) : M — > M' of Tomita-Takesaki theory to 
define a complementary Eo-semigroup a' on M'. We associate a 
Hilbert space to the pair (a, a') and the dimension of this Hilbert 
space is a cocycle conjugacy invariant, called the coupling index. If 
there exists an Eo-semigroup a on B{H) extending both a and a' 
then the coupling index is equal to the usual Powers- Arveson index of 
a. It should be noted that this index is not same as the index defined 
by Alevras in pQ (they differ, for instance, on Clifford flows and even 
Clifford flows). We finish the section by associating a Hilbert space 
H(G(a)) to the gauge group G(a) and showing the dimension of this 
Hilbert space is another cocycle conjugacy invariant. 
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In section 4 we define super product systems, generalisations of 
Arveson's product systems of Hilbert spaces. These are similar in 
spirit to the subproduct systems already studied in [6] , [19] and play 
a prominent role in the paper. We introduce multiplicative and addi- 
tive units for super product systems and, in section 5, we prove that 
there is a one to one correspondence between the two. To this end 
we develop a noncommutative stochastic calculus for super product 
systems, very similar to that of [12j . This gives an explicit formula 
for computing the index of a super product system from its additive 
units. 

In section 6 we study the gauge group from the point of view of 
noncommutative probability. It follows from the invariance of the 
trace that an element (Ut)t>o of the gauge group enjoys the future 
independence property T(Utott(x)) = r(L^)r(at(x)) for all x £ M, 
t > 0, hence G{a) generates a noncommutative white noise, similar 
to those of [16], [12] . By recasting the white noise as a super product 
system we see the dimension of the gauge group can be computed 
using the methods of section 5. Furthermore, dim H(G(a)) is zero 
precisely when the gauge group is isomorphic to (R, +). 

In section 7 we compute the additive cocycles for the Clifford flows, 
even Clifford flows, and free flows explicitly. Using the results of sec- 
tion 6 we show that the gauge group is trivial for all these examples. 
By a result of Arveson, this shows that a one-parameter group of 
automorphisms on B(H) extending one of these semigroups is com- 
pletely determined by its "past" and "future" Eo-semigroups on M', 
respectively M (see [3], [1]). 

The pair (a, a') gives us a pair of product systems of Hilbert mod- 
ules. In Section 8, we show their intersection is a super product sys- 
tem. We prove this is an invariant for a and compute it for Clifford 
flows and even Clifford flows. This has strong structural implica- 
tions. For instance, it precludes the existence of certain extensions 
of the Clifford, or even Clifford flows, to B(H) and allows us show 
the coupling index is for all the Clifford flows and even Clifford 
flows. For free flows we show that the super product system is trivial 
and hence free flows also have coupling index 0. 

In section 9 we introduce the notion of a r-semiflow, the natu- 
ral counterpart to the C*-semiflows introduced by Floricel for type 
I factors (|lUj). We show that the r-semiflow is a cocycle conju- 
gacy invariant and use this to show that, for a certain class of Eo- 
semigroups, cocycle conjugacy is equivalent to conjugacy. Using this, 
together with the computation of Powers- Alevras index for even Clif- 
ford flows, we are able to prove that the even Clifford flows are not 
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cocycle conjugate among themselves for different ranks. We lift this 
result to the Clifford flows with a simple argument. 

2. Preliminaries 

Definition 2.1. An E^-semigroup on the von Neumann algebra M 
is a semigroup (at)t>o of normal, unital *-endomorphisms o/M sat- 
isfying 

(i) ao = id, 

(ii) ot(M) / M for all t > 0, 

(iii) 1 1 — y p{at{x)) is continuous for all x G M, p G M*. 

Definition 2.2. ^4 cocycle for an E^-semigroup a on M. is a strongly 
continuous family of unitaries U = (Ut)t>o satisfying U s a s (Ut) = 
U s +t for all s,t > 0. 

For a cocycle U, we automatically have Uq = 1. Furthermore 
the family of endomorphisms (x) := Utctt(x)U£ defines an Eo- 
semigroup. This leads to the following equivalence relations on Eo- 
semigroups. 

Definition 2.3. Let a and (3 be E^-semigroups on von Neumann 
algebras M and N. 

(i) a and (3 are conjugate if there exists a *-isomorphism 9 : 
M -> N such that f3 t = 6 o a t o 0- 1 for all t > 0. 

(ii) a and (3 are cocycle conjugate if there exists a cocycle U for 
a such that (3 is conjugate to oF . 

Let M be a von Neumann algebra acting standardly and ir : M — > 
B(H) a normal representation. Then for an Eo-semigroup a on 7r(M) 
there exists a conjugate semigroup 7r _1 o a o n on M. Thus with out 
loss of generality we may restrict to algebras acting standardly. 

Let a, (3 be Eo-semigroups acting on Hi factors M and N and 
suppose 9 : M — > N is a *-isomorphism intertwining a and f3. By 
uniqueness of the trace on M we have tn o = tm, hence 9 extends 
to a unitary U : L 2 (M) — > L 2 (N). This unitary satisfies 

(i) UQ M = ^N, 

(ii) UMU* = N, 

(iii) (3 t (x) = Ua t (U*xU)U* for alU > 0, x G N, 

where VLm (respectively VL^) is unique cyclic and separating vector 
(which evaluates the trace), given by the image of 1m (respectively 
In) in L 2 (M) (respectively L 2 (N)). For Hi factors acting standardly 
we take this as the definition of conjugacy. 
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For the rest of the paper M will denote a Hi factor with trace r 
acting canonically on H := L 2 (M) with cyclic and separating trace 
vector CI. Let a be an Eo-semigroup on M. Associated to a is a 
decreasing family of von Neumann algebras 

M = ao(M) D a s (M) D at(M) D CI for all < s < t. 

By taking relative commutants we get a filtration 

C1 = M CM S CM(CM for all < s < t, 

where M t := Mn a t (M)' . 

Using the cyclic and separating property of fl we can well-define 
a linear operator on the subspace Mf2 by 

Stx£l := att(x)£l for all x G M. 

By invariance of the trace under at, each St extends to an isome- 
try and it is easily seen that {St ■ t > 0} is a strongly continuous 
semigroup satisfying Stx = at(x)St- This motivates the following 
definition. 

Definition 2.4. A unit for a is a strongly continuous semigroup 
T = {Tt : t > 0} of operators in B(H) such that Tq = 1 and Ttx = 
a,t{x)Tt for all t > 0, x G M. Denote the collection of units by U a . 
We call {St : t > 0} the canonical unit associated to a. 

A gauge cocycle for a is a cocycle which satisfies the adaptedness 
condition Ut £ for all t > 0. Notice that the product of two gauge 
cocycles U and V is another gauge cocycle and that the adjoint U* 
of a gauge cocycle is a gauge cocycle. Thus, under the multiplication 
(UV)t := UtVt, the collection of all gauge cocycles forms a group, 
denoted by G(a), called the gauge group of a. 

Proposition 2.5. The multiplication (U,T) \— > UT defines an action 
of the gauge group on Ll a . 

Proof. The adaptedness condition ensures that 

U t T t x = U t a t (x)T t = a t (x)U t T t (t > 0, x G M), 

and it follows from the cocycle identity that 

U s T s U t T t = U s a s (U t )T s T t = U s+t T s+t (s, t>0). 

Moreover, for £ G H, we have 

\\(U t T t -m\ 2 = \\U t Tt(i\\ 2 + M\\ 2 -2R(Z,UtTtO 

= \\T t Z\\ 2 + U\\ 2 -2Vt(Utt,TtO^0 



as t — > 0. Thus, since Uq 



= 1, UT is a unit. 



□ 
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By Proposition 12.51 the canonical unit induces a map 
G(a) -^U a , U^US. 



If US = VS for two gauge cocycles U, V then (U t — Vt)St = for all 
t > 0, so that (U t - Vf)Q = 0. As t is faithful we obtain U t -V t = 
for all t > 0, so the canonical map G(a) — > U a is an injection. 

We end this section with some examples and by fixing some nota- 
tion. These examples are already discussed in [T]. 

Throughout this paper, we denote by k an arbitrary separable real 
Hilbert space with dimension equal tonG{l,2---oo}, and by k c be 
the complexification of k. 

Let L 2 (M + ;k) or L 2 (]R + ;k c ) be the Hilbert space of square inte- 
grable functions taking values in k or k c respectively. Let {Tt} be 
the shift semigroup of L 2 (M_|_;k c ) defined by 



for / G L 2 (M + ; k c ). They are semigroups of isometries and we denote 
their restriction to L 2 (M + ;k) also by {Tt}. 

The full Fock space is defined by 



where L 2 (R + ;k c )®° = CO, and Q will be called as vacuum vector. 

Example 2.6. Clifford flows Let % be a real Hilbert space and Tic 
its complexification. Write T a {Hc) for the antisymmetric Fock space 
over Tic, i.e. the subspace ofTf(7ic) generated by antisymmetric 
tensors. For any f G He the Fermionic creation operator a*(f) is 
the bounded operator defined by the linear extension of 



where /A£ is the image of /(g>£ G Ff(T-Lc) under orthogonal projection 
onto T a (Hc)- The annihilation operator is defined by a(f) = a*(/)* . 
The unital C* -algebra Cl(H) generated by the self-adjoint elements 



is the Clifford algebra over %. The vacuum is cyclic and defines 
a tracial state for Cl(l~L), so the weak completion yields a II\ factor; 
in fact it is the hyperfinite II\ factor 1Z [2S] . 

IfH = L 2 (R + ;k), where k is a separable Hilbert space with dimen- 
sion n G {1, 2, • • • oo} as mentioned before, then T the unilateral shift 



(T t f)(s) = 0, s<t, 

= f(s-t), s>t, 



oo 



r / (L 2 (IR + ;k c )) = 0L 2 (IR + ;k c ) 



n=0 




{u{f) = {a(f) + a*(f))/V2: f G H} 
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on L 2 (K + ;k) defines an E^-semigroup on 1Z by extension of 

a t( u (h) • • ' u (fk)) = u(T t fi) ■ ■ ■ u(T t f k ) 
called the Clifford flow of rank n. 

Example 2.7. Even Clifford flows The von Neumann algebra 
generated by the even products 

K e = M/1M/2) • • • u(f 2n ) : ft G L 2 ((0, 00), k), n G N} 

is also isomorphic to the hyperfinite II\ factor. The restriction of the 
Clifford flow a n of rank n to this subf actor is called the even Clifford 
flow of rank n. We denote it by (3 n . 

Example 2.8. Free flows 

Let k be a real Hilbert space of dimension n G {1,2, •••00} and 
for every f G L 2 (M + ;k) define the operator s(f) = ^Q^pQ on 
I7(L 2 (R + ;k c )) where 

1 j ~ 1 /®e if &n) = o. 

The von Neumann algebra ^(k) = {s(f) : f G L 2 (M+;k)}" ; is iso- 
morphic to the free group factor L(i ? 0O ) and the vacuum is cyclic and 
separating with = t(x) (see |26] ). 

Let T be the unilateral shift on L 2 (R + ;k). Then there exists a 
unique Eo-semigroup 7" on ^(k) satisfying 

7 r(a(/)) := s(T t f) (/ G k, t > 0) 

fsee pQJ, i/iis is called the free flow of multiplicity dimk. 



Notation: Throughout this paper, for E C B(H), we shall write 
[E] for the closure, in the weak operator topology, of the linear sub- 
space of B(H) spanned by E. Similarly, if S C H is a subset of vec- 
tors, we shall write [S] for the norm-closed subspace of H spanned 
by S. N denotes the set of natural numbers and No = N U {0}. 



3. Multi-units, index and gauge dimension 

We begin this section by defining a complementary, or dual Eo- 
semigroup. Let J be the modular conjugation associated to the vec- 
tor O by the Tomita-Takesaki theory. We can define a complemen- 
tary Eo-semigroup on M' by setting 



a' t (x') = Ja t (Jx'J)J (x' G M'). 
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Then we define a semigroup of maps on M U M' by setting 

u t T \ - J a t( x )> x G M < 
Wj ~ \ a' t (x), x G W. 

Proposition 3.1. If the E^-semigroups a and (3 on M are cocycle 
conjugate, the complementary Eo-semigroups are also cocycle conju- 
gate. 

Proof. It is easy to see conjugacy is preserved under complementa- 
tion. Suppose {Ut} is an a— cocycle and = Uta(-)U^ . For any 
t > 0, let vt = JUfJ, then vt G M' and v t satisfies 

v s+t = Ju s+t J = JU s JJa s (U t )J = JU s Ja' s (JU t J) = v s a' s (v t ). 

So {vt} forms an a'-cocycle. We also have 

#(m') = J/3 t (Jm'J)J 

= JU t a(Jm' J)U* J 

= {JU t J){Ja{Jm' J)J){JUl J) 

= ^a t (m )t> t , 



for all m' EM'. □ 

Definition 3.2. ^4 //mi or multi-unit for the Eo-semigroup a is a 
stongly continuous semigroup of bounded operators (Tt)t>o satisfying 

T t x = fi t (x)T t for all ifMUM' 

together with Tq = 1. That is, a multi-unit is a unit for both a and 
a'. Denote the collection of finits for a byU a ^ a t. 

We have already noticed {St : t > 0} is a unit for a. Since the 
Eo-semigroup a is *— preserving, the modular conjugation operator 
commutes with St for each t > 0. This implies 

a' t (m')St = Jat(Jm' J)JSt = JSt(Jm'J)J = Stm 

for all m! G M', t > 0, and S G U aa '- So the collection of multi-units 
for any Eo-semigroup in a Hi factor is always non-empty. 

Lemma 3.3. If U is a gauge cocycle for a then US is a unit for a. 
Thus U h-> US defines an injection G(a) — > U a a i . 

Proof. Since US is a unit for a, we need only show that it is also a 
unit for a' . For all t > 0, x G M' and y G M we have 

a't(x)UtS t y£l = a' t (x)U t a t {y)Vt = U t at(y)a' t (x)Q 

= U t a t (y)Jat(JxJ)Jtt = U t a t (y)a t (Jx* J)U 

= UtStyJx* JJ7 = UtStyxQ = UtStxyQ. 
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□ 

Lemma 3.4. Let X and Y be units for a. Then X£Y t = e xt l for 
some constant A G C. 

Proof. For any x G M U M' we have 

X* t Y t x = X;nt(x)Y t = (nt(x*)X t )*Y t = (X t x*)*Y t = xX?Y t , 
hence X£Y t G (M U M')' = CI. We note that 

Y*V Y*V Y* Y*V V Y* V 

and hence the complex valued function f(t) = (fl,,X£Yt$l) is con- 
tinuous and satisfies f(s + t) = f(s)f(t). Since /(0) = 1 we have 
f(t) = e xt for some A G C. □ 

Thus we can define a covariance function c : U aa ' x li a ^ a i —> C 
by X*Yt = e c ( X ' Y ^l for all t G K+. Since the covariance function 
is conditionally positive definite (see Proposition 2.5.2 of [1]) the 
asignment 

(/,</> -> E c(x,y)/(A>(Y) 

defines a positive semidefinite form on the space of finitely supported 
functions / : U a , a > — > C satisfying ^xgw , /PO = 0- Hence we 
may quotient and complete to obtain a Hilbert space H(U ai0l i). 

Definition 3.5. Define the coupling index Ind c (a) of the E^-semigroup 
a as the cardinal dim H(U aj0l i). 

Proposition 3.6. If a and ft are cocycle conjugate E^-semigroups 
then they have the same coupling index. Furthermore, if -y is an 
Eo-semigroup on the II\ factor W then 

Ind c (a <g> 7) > Ind c (a) + Ind c (7). 

Proof. For the first statement it is enough to give a bijection U a>a ' 
UpR' preserving the covariance. For conjugate semigroups with inter- 
twining unitary V, Ady clearly does the job. So assume a = /3 U , for 
an a-cocycle U. Then the map T 1— > JU JUT suffices (see Theorem 

EH]). 

For the inequality note that every pair of //nits X a , X 7 for a and 
7 respectively give a //nit X a <S> X 7 for a <g> 7. As 

(AT ® X2)*{Y t a ® V) = e W^-^)+ C (^^))*i 
there exists an isometry 

(see [1] Lemma 3.7.5). □ 
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Proposition 3.7. Let a be an E^-semigroup on the II\ factor M. If 
there exists an E^-semigroup a on B(L 2 (M)) satisfying 

, \ f a t (x) ifxeM, , 
a ^ = \a[(x) ifxeM', forallt>0, 

then Ind c (a) is equal to the Powers- Arveson index of a. 

Proof. Clearly if T is a unit for a then it is a /xnit for a. Conversely 
if T is a //nit for a and x G B{H) we may pick nets (yi)i£i C M and 
(zi)i£i C M' satisfying yjZj — )■ x in the ultraweak topology. Then by 
ultraweak continuity of a, a t (x)T t = limj e j at(yiZi)Tt, but 

a t {yiZi)Tt = a t (yi)a' t (zi)T t = T t yiZi -> 2*2;, 

that is, T is a unit for a. Thus W Q , a ' = W CT and the induced covariance 
function on U a is precisely that of [I], section 2.5. □ 

Remark 3.8. All our known examples of Eq- semigroups on II\ fac- 
tors do not admit an extension as described in Proposition \3. 7[ This 
follows from our computations on the super product systems associ- 
ated to these examples, in section^ It is an interesting open question 
to construct an E^-semigroup on a II\ factor which admits such an 
extension to B(L 2 (-)). 

The gauge group also forms a cocycle conjugacy invariant for a. 
Conjugate Eo-semigroups clearly have isomorphic gauge groups, and 
if U is a unitary cocycle for a and /3 = oF then we have the group 
isomorphism Adjj : G(a) — > G(/3). 

Lemma 3.9. If U,V G G(a) then there exists A G C such that 
r(C/ t *Vf) = e xt for all t > 0. In particular we have the identity 

(1) r{U* s+t V s+t ) = r(U;V s )r(U;V t ) (s,t> 0). 
Proof. As O is invariant under S we have 

(2) T{u;v t ) = (n,uiv t n) = (n,s;u;v t s t n) = e c{usys)t 

as required. Equation (pQ) follows immediately. □ 

For a pair of gauge cocycles U, V, we will write the correspond- 
ing covariance function on G(a) as c*(i7, V) := c(US, VS). It is 
clear that c*(-, •) is just the pullback of c(-, •) along the injective map 
G(a) — > U aia i induced by the canoncial unit. Equation ([2]) thus 
reduces to T(U*Vt) = e c *^'^*. We can now repeat the above con- 
struction with (G(a), c*(-, •)) in place of (U a>a >, c(-, •)) to obtain a 
Hilbert space H(G(a)). 
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Definition 3.10. The dimension of the gauge group G(a) is defined 
to be the cardinal dimG(o;) := dim H(G(a)). We will also refer to 
this as the gauge index of the Eo-semigroup a. 

Theorem 3.11. The gauge index is a cocycle conjugacy invariant. 
Furthermore, it satisfies 

dim G(a ® 0) > dim G{a) + dim G(0) 

for any E^-semgiroup (3 on a second II\ factor. 

Proof. If U is a unitary cocycle for a then for V, W E G(a), 

t(u s v;u;u s w s u;) = t(u s v;w s u;) = t(v*w s ), 

so dim H(G (a)) = dimH(G(a u )). If /3 is conjugate to a u , then as 
the intertwining ^isomorphism also preserves the trace dim H(G(a u )) 
is equal to dim H(G(/3)). The inequality follows as in Proposition 
EJ3 □ 

4. Super product systems 

In this section and following section we develop tools to analyse 
semigroups on Hi factors. Here we introduce the notion of a super 
product system of Hilbert spaces, which is a generalization of the 
product systems introduced by Arveson. The second named author 
heard this notion from C. Kostler during a conversation, but we could 
not find any literature dealing with 'super product systems'. 

Definition 4.1. A super product system of Hilbert spaces is a one 
parameter family of separable Hilbert spaces {H t : t > 0}, together 
with isometries 

U s>t :H s ®H t H> H s+t for s, t E (0, oo), 

satisfying the following two axioms of associativity and measurability. 

(i) (Associativity) For any s\,S2,Ss E (0, oo) 

U SltS2+S3 (l Hsi ® U S2tS3 ) = U S1+S2 , S3 (U SUS2 (8) lff S3 ). 

(ii) (Measurability) The space % = {(t,S,t) '■ t E (0, oo),£t E H t } is 
equipped with a structure of standard Borel space that is compatible 
with the projection p : H i— > (0, oo) given by p((t,£t) = t, tensor 
products and the inner products as in the definition of a product 
system (see 3.1.2, ^). 

Remarks 4.2. The theory of subproduct systems or inclusion sys- 
tems is studied in [6] and [19], where the embedding map is reversed, 
that is the operator U s j ■ H s ® H t i— > H s+t is assumed to be a co- 
isometry. But unlike subproduct systems, which can possibly be finite 
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dimensional, super product systems are either all one-dimensional 
or all infinite dimensional. If d(t) is the dimension of the separable 
Hilbert space H t , then, since H s ®H t embeds isometrically into H s+t , 
the relation d(s)d(t) < d(s + t) is satisfied for all s,t > 0. The only 
possibility is d(t) = 1 for all t > or d(t) = oo for all t > 0. 

Definition 4.3. By an isomorphism between super product systems 
(H^,Ug t ) and (H 2 ,U 2 t ) we mean an isomorphism of Borel spaces 
V : rl 1 i— >• rl 2 whose restriction to each fiber provides an unitary 
operator Vt '■ H} i— > H 2 satisfying 

(3) V s+t Ul t = Ul t (V s ®V t ). 

Definition 4.4. A unit for a super product system (Ht,U Si t) is a 
measurable section {ut : lit £ Ht} satisfying 

U Stt (u a <g> u t ) = u s+t Vs,tG (0, oo). 

Similar to product systems, a super product system is called spa- 
tial if it admits a unit. From here onwards we assume all our super 
product systems admit a unit, since that is the kind of super prod- 
uct system we will encounter while dealing with Hi factors. We fix 
a unit denoted by {f^ £ Ht} and call that the canonical unit. We 
set Hq = CfJo- 

Definition 4.5. Let {Ht, U a t) be a spatial super product system with 
the canonical unit {£lt}- A unital unit is a unit {ut}t>o satisfying 
\\ut\\ = 1. An exponential unit is a unit {ut}t>o satisfying (ut,&t) = 
1. We denote the set of unital units by H(H) and the collection of 
exponential units by iin(H). 

Remarks 4.6. Every unit {ut} satisfies 

\\u s+t \\ = \\u s ®u t \\ = \\u s \\ ||ut||V s,t > 0. 

So \\u t \\ = e xt for some X € R. On the other hand every unit also 
satisfies 

(u s+t , tt s +t) = (u s <8) u t , £l s <g) fit) = (it s , ^s) (ut, Ht) Vs, t > 0. 

So (ut,Qt) = f or some fi £ R. T/tws given an exponential unit 
{ut} the unit {e~ xt Ut} is unital, and given a unital unit {ut} the unit 
{e'^ut} is exponential. It is easily seen that this defines a bijection 
iin(H)^ii(H). 

Definition 4.7. An addit for a spatial super product system (Ht, U Sj t), 
with canonical unit {£lt}, is a measurable family of vectors {bt ■ t > 
0} satisfying 

(i) b t £ H t for all t > 0, 

(ii) U Sjt (b s ® n t ) + U Sit (n s ® 6t) = /or a// s, t > 0. 
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We say an addit is centred if (Slt,bt) = for all t > 0. Denote the 
set of all addits by 2l(-£f). 

Since Sit is a unit, every addit b can be written as bt = c± + XtSlt 
such that c is a centered addit and A ( 6 C. Since t h- > At is measurable 
and A s+ t = X s + Xt, we have A t = At for some A G C. 

Lemma 4.8. Let 6 and c 6e centered addits. Then 

(4) =t(6i,ci) . 

Proof. The function i i— )■ c±) is measurable, and (& s +t> c s+t) equals 

= (£^,t(6 a ® Sl t ) + E7a,t( n « ® &t), U Stt (c s ® fit) + I7 a ,t(fi s ® c«)) , 
but this is (6 S , c s ) + (b t ,ct), since the addits are centered. □ 

5. NONCOMMUTATIVE ITO INTEGRALS 

In this section we develop Ito Integrals on spatial super product 
systems, with respect to a centered addit. Using Ito Integrals, we 
provide a bijection between centered addits and exponential units. 
Throughout this section we fix a spatial super product system (Ht, U s t) 
with the canonical unit {Sit ■ t > 0}. 

Definition 5.1. An adapted process is a family x = {xt : t > 0} 
satisfying xt G Ht for all t > 0. 

An adapted process is simple if there exists a partition < sq < 
s\ < . . . o/M+ into a countable family of intervals so that 

X t = U Sltt -s t ( x i ® Slt-Si) ift G [Si,S i+1 ), 

where Xi G H Si for each i > 0, and inf ne t^(s n — s n _i) > 0. 

Let x be a simple adapted process, b a centred addit and < to < 
t\. Extend and redefine the partition for x so that to = s m , t\ = s n 
and define 

/ x s db s = U Si>Si+1 - sai - Si+1 (xi ® b Si+1 - St ® n tl -s i+1 ), 

Jt ° i=m 

where U rs t '■ H r ® H s ® Ht i— >■ H r+s+ t is the canonical unitary oper- 
ator well-defined by the associativity axiom (here for instance take 
U r , s ,t = U r+s .t{U r ^®lH t )) Clearly the new process {J* x s db s :t>0} 
is adapted. 

The definition of the above integral is well-defined. The fact that 
it does not depend on the partition with respect to which x is simple, 
follows from the additive property of the addit b and the multiplica- 
tive property of the unit {Sit '■ t > 0} 
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Here is our version of Ito's identity. 
Lemma 5.2. Let x,y be two simple adapted processes. Then 

x s db s , y s db s j = \\bi\\ / (x s ,y s )ds. 

to J to I J to 

Proof. We may assume that the partitions for x and y are the same. 
For i 7^ j and i < j, note that 

(a. <g> & Si+1 - Sj ® n tl _ Si+1 ,yj ® 6 Sj . +1 - Sj ® nt!- aj+1 > 

= (a* ® 6 Si+1 _ Si ® fi s ._ Sj+1 , yi ) (fi Sj+1 _ Sj ,6 Sj+1 _ Sj > = 0. 
Similarly, same is the case when j < i. 
Thus we have 

x s db s , I y s db s ) = ^ (z, ® b Si+1 - Si ,yj ® fc Si+1 _ Si ) 
to -^o / i=m 

n-l 



i|2 

Si+l-Si || 

n-l 



n-l 

^ (xj,yi) (s i+ i - Si) ||6 



,2 

1| 



2=m 

2 /"^ 

= ||&i|| J / (x s ,ys)ds. 

□ 

Definition 5.3. ^4n adapted process x is said to be a continuous pro- 
cess if the function t i— y \\xt\\ 2 is continuous. For a simple adapted 
process x and centred addit b, the noncommutative ltd integral j x s db s 
of x with respect to b is the continuous process 1 1— >■ J^x s db s . 

We say a sequence of adapted process {x n : n E N} converges to 
x in L 2 on any finite interval [a, b], if \\xf — xt\\ 2 dt converges to 0. 

Proposition 5.4. Let x be a continuous adapted process such that 
there exists F : R + — > C analytic with F(0) = and, for all s, t > 0, 
(x s+ t, U s% t (x s ® fit)) — \\ x s\\ F'(t)- Then on any finite interval we 
can approximate x in the L 2 norm by adapted step functions. 

Proof. Pick an interval / = [r, s] and set = r, rf +i = r™+(s — r)n~ l 
for i = 0, . . . , n — 1. Then define a simple adapted process 

x t = u r",t-r?(x r ™ ® Ht-rjO if a? € [r™, r™ +1 ), for i = 0, . . . ,n - 1; 
= if t > s. 
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Then \\x — x n \\ L 2^ is 

71-1 

£ 



i=0 

71-1 

■£ 

i=0 



X* — U r n t-r"(x r n ® ^t-r") 

2 II 1 1 2 / 

I x t 1 1 + — 2Re ( Xi , J7 r n t-r n (%r n & 

111 I i 1 1 \ i 1 i v z 



eft 



p S 71 1 pT n 

/ H^fdt-^llx^H 2 / 1+1 2Re F'(t - r?) 

Jr .-_n •/ 



ldt 



(5) 



i=0 



Since i i— y \\xt\\ 2 is continuous and F is analytic the sum in ([S]) tends 
to the Riemann integral (2Re F'(0) — 1) \\xt\\ dt as n — > oo, and 
since -F'(O) = 1, we get the desired equality. □ 



Thus, if x is a process satisfying the hypotheses of Proposition! 
we may define the ltd integral of x with respect to b as follows. Take 
a sequence of adapted step functions {x 11 } converging to x in the I? 
norm on [io>ii]- Then, by Ito's identity 

2 



(x--xf)db s 



to 



x a 



to 



as n, m — > oo, so the limit 



Xcdbe 



to 



lim 

n— yoo 



x n s db s 



to 



exists. Moreover, if y n is another sequence of adapted step functions 
with y n — > x in L 2 norm on [io,ti], then 

2 



(x n s-y n s )db s 



to 



Vs 



ds 0, 



to 



so the limit is independent of the chosen sequence of approximating 
functions. We call processes satisfying the hypotheses of Proposition 
15.41 ltd integrands. 

The following general version of Ito's lemma follows immediately 
from the very definition of ltd integral. 

Lemma 5.5. Let x, y be two ltd integrands, then 



to 



x s db s , / y s db t 



to 



(x s ,y s )ds. 



to 
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For later use we record other properties of the Ito integrals as a 
proposition below. 

Proposition 5.6. Let x and y be ltd integrands. 

(i) (f*x s dbs,n t ) = V s < t. 

(ii) x s dbs = x s dbs ®Q t + J*/ + * x s dbs V to < s, t. 
(hi) f* +t U s>r (x s <g> y r )db T = U Sit (x s ® /* y s db s ) V s,t. 

( iv ) ( Is+t x sdbs, J s s o x r db r (g) fi t y = Vs < s, t < t. 

(v) f° +t fi^&s = b s+t - {b s ® fi t ) V s, t. 

Proof. All statements follow immediately, hrst by verifying for the 
simple adapted processes, and then by taking limits. For (hi) we 
need to use the associativity axiom of the super product system in 
addition. □ 



Remarks 5.7. (i) Notice that, ifb is an addit then 

{b a+t , u Sjt {b s ® n t )) = (b s ®n t + n s ® b t , b s ® n t ) = \\b s \\ 2 , 

so b satisfies the hypotheses of Proposition [X^l with F(t) = t. 

(ii) If xt = f^ygdbs for some adapted process y, then t \- > \\xt\\ is 
continuous and 

{x s +t,U S)t {x s fit)) = ||6i|| 2 / ||y r || 2 (ir = ||x s || 2 . 



Moreover xt is a limit of elements in Ht, so x is an adapted process, 
x satisfies the hypotheses of Proposition \5.4\ with F(t) = t, hence is 
an ltd integrand. 



Proposition 5.8. The non-commutative stochastic differential equa- 
tion 

rt 

Usdbs 

'0 

has a unique continuous solution. Moreover the solution is an expo- 
nential unit. 



(6) u t = n t + [ 

J o 



Proof. Existence is given by Picard iteration. Set 



(7) x\ = b t and = f 

Jo 



x T s l db s , 
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for all n G N, t > 0. Note that (|7|) well-defines x n+1 since each x 11 
satisfies the hypotheses of Proposition 15.41 Then, thanks to Ito's 
identity 

9 



k=n 



, Hi, ||2fc 1 



k=n 

tends to as m. n — > oo, so the series 



fc! 



ut = £k + Y x t 



n=l 



converges. The measurability of the unit (in fact the continuity) 
follows from 



\ Ut - (u s ® n t - s )\\ 2 < W x t - ( x ™ ® n t 



n=l 
oo 



Y\\h\\ 2n (t-sr/n\ 



n=l 



= e l|fel11 (i " s) - 1 V < s < t. 

Here we have used (ii) of Proposition 15.61 and Ito's identity. 
For m > 0, the iterated integrals satisfy 



<*?,*? +m ) = iiM B 



sAt fti 



JO 



(^r n+1 , s™ +1 J> dr n+1 dr n ■ ■ ■ dr x 



so we have the orthogonality relations (x",x™ +m ) = 0. It follows 
that u is an ltd integrand with F = t, and a solution to El since 



' u s db s = lim / Qtdb s +} 

o n ^°° \Jo fr[ Jo 

= lim t t + V^ +1 ] =u t -n t . 

\ fc=2 / 

Now suppose that u and v are two continuous solutions of the 
QSDE. By iteration, we have 

rt rti rtn-1 

u t -v t = / / • • • / (ut n - v tn ) db tn db tn _ x ■ ■ ■ db tl 
Jo Jo Jo 

for each n € N. By continuity M t = sup 0<s<i ||tt a — u a || < oo for each 
t > and thus 

u t -vt 2 < 6i 2n — ^ ^0 



n 



as n — > oo, thus u = v. 
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Now we verify that ut is a unit for the super product system. Fix 
s, t and define 

v r = u r if r £ (0, s) 

= U Str (u s <g> u r ) if r > s. 

Then, using Proposition 15.61 Vl s +t + f Q s+t v r db r is equal to 

rs rs+t 

U s>t (fl s <g) fit) + U S)t ( u r db r ® fl t ) + / U S)r (u s ®u r )db r 

JO J s 

=U s>t (u s ® fl t ) + U Stt (u s ® / u r db r ) = U, %t {u s ®ut) = v s+t . 

Jo 

Here we have used the fact that u satisfies the stochastic differential 
equation. By the uniqueness of the solution to the equation [6l we 
get U St t(u s <g> ut) = u s+t - Hence {ut} is a unit. 

Finally, since J * u r J:db s is orthogonal to fit for each t > 0, we have 
{ut,flt) = 1 f° r ah t > 0) an d is an exponential unit. □ 

For a centred addit 6 define Expq(6) to be the solution to the SDE 
@. Note that 

/ oo oo \ 

iiEx PQ (6) t || 2 = / n t + £ x?, fit + x; *? ) = eii^n 2 *. 

\ n=l n=l / 

Moreover if c is another centred addit satisfying 
Ex Pn( c ) = u = Exp n (d) 

then 







t 

u s d(b s 



o 



\bi ~~ c i|| 2 / \\ u s\\ 2 ds, 
Jo 



so b\ = c\ and hence b = c. Thus Exp^ defines an injective map 
QIq(H) — > Ho(iJ). In order to prove that Exp n is indeed a bijection, 
we explicitly provide the inverse in the following proposition. 

We require the following observation on continuity. Every product 
system has a representation under which the units are semigroups 
of bounded operators (see [I]) and since they are measurable the 
semigroups must be strongly continuous. It follows (for instance from 
the proof of Proposition 18.13]) that the units of a product system are 
continuous in the following sense. Fix an arbitrary T > and for a 
unit {u t : t > 0} define 

u' t = U t) T-t(u t ® fir-t); 
u' S)S+t = U s+ t !T -( s+t )(U St t(n s ® ut) <8> tt T -(s+t)), 
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for < s, t < T. Then the map (s, t) i-> u' s t is continuous in s, t, for 
all s,t G [0, T]. This also applies to super product systems, since the 
units of a super product system generate a product system. 

Proposition 5.9. For t > and /or a continuous exponential unit 
u, set 

y l ' n = uF(n_t_ <8> ••• <8> (u_l - <8> • • • <8> n_t_), 

2 " v 2™ 2™ 2" 

iwii/i t — r2_t_) at i/te i—th tensor and U^" is the canonical unitary 
operator Hj_ ® • • • <8> Hj_ i-> well-defined by the associativity of 
the super product system. Define 

2™ 

n \ i.n 

I/t =Z^ y < ' 

i=l 

i/ien LogQ(ti)t = lim ri _ 5 . 00 exists and {LogQ(u)t : t > 0} defines a 
centered addit. 

1 1 2 A 

Proof. Set || u s || = e f° r some A GR. For any s > 0, we have 
(u s -ft s ,tt s ) = 0; |K-O s || 2 = e As -l. 

So we have ||yt' n || 2 = e^ — 1 and (y\' n \y\ = if i / z'. 
For arbitrarily fixed m > n and i = 1,2,... , 2™ let 

j. = { 2 m ~ n (i - 1) + 1, 2 m - n {i - 1) + 2, ... , 2 m ~ n i}. 
Let J(i,j) denote the j-th element of Jj, then 

(vr,yf' j) ' m ) = o if i^f; 

(yr,y^' j) ' m ) = e^-i (1<<<2», i€Ji). 

Now for m > n, after computations we find 

|| % " - y ™|| 2 = 2 n (e# - 1) + 2 m (e^ - 1) - 2 x 2 n 2 m ~ n (e^ - 1) 
= 2 n (e^-l)-2 m (e^-l) 

~ ^ kl(2 n ) k - 1 ^ fc!(2 m ) fe - 1 ' 

k=2 K ' k=2 K ' 

which converges to as n, m — > oo, hence yj 1 converges, and we write 
Log n (u)i for the limit. 
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Further 

2" 2 n 

UtM ®n t + n t ® y n t ) = u t , t Q2 vt ®n t + n t ®Y^ 

i=l i=l 

2 n +l 

where we have used the associativity axiom. This consequently im- 
plies that 

(8) U t> t(bt®nt + n t ®bt) = b 2 u Vi>0. 

Let us fix an arbitrary T > 0, and to make notation easier, embed 
{Log^(ii)^ : < t < T} into Ht- Denote 

b' t = f7 t)T -t(Log n (n) t ® Qr-t); 

b' SjS+t = U s+tiT _( s+t) (U S! t(n s <8> Log n (tt)t) fi r -( s +t)), 

for < s,t < T. Clearly to prove Log^ii) is an addit, we only need 
to verify that b' s + b' s s+t = b' s+t for all s, t > 0. 

Using ([8j) and induction we have 

b' s ,s+nt = K,s+t + K+t,s+2t H I" &s+(n-l)t,s+7it Vs + ni < T. 

Manipulations lead to 

(9) 6 s,s+f t = + b ' s +t,s+^-t H h fe l+^M+-t 

for all s + —t<T, n< m. Now let s = 23-, t = E 2 - be rationals. Then 

^S+t = 6 ( Pl92±P29l"\ s 
V Pi 92 / 

fe s + & s P192 + 1 „ + ' ' ' + fe pi<72+P2'?l-l P192+P291 „ 
' P192 P192 ' P192 

= 6 « + 6 s, S +-l-, + • • • + b ' s+ E23l=l SiS+ E2S1 s 
P192 Pi?2 P192 

Here we have used relation [S] twice. 

Notice that b s t is the limit of z2i=i [ u i-i s ~~ ) an d that the 

\ "2"~'2™ / 

convergence is uniform in [0, T]. Now the continuity of {b' s t } implies 
the relation b' s+t = b' s + b' st for all real s, t such that s + t < T. Since 
T is arbitrary we conclude that LogQ(u) is indeed an addit. Finally, 
since (y™, fit) = for all n G N, we have (Log^(u)t, fit) = for all 
t > 0. Hence Log^(u) is a centered addit. □ 



Theorem 5.10. Log^ and Exp^ are mutually inverse maps between 
H n (H) and% Q {H). 
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Proof. Since Exp^ : 2la(iT) — > Hq(H) is injective we need only show 
that Exp r2 (Log r2 (u)) = u for all exponential units u. It suffices to 
show that 

|H| 2 - 2Re (n t ,Exp n (Log Q (n)) t ) + ||Exp n (Log n (u)) t || 2 = 0. 
Set || WiH 2 = e xt , and let y\' n be as defined in proposition 15.91 Then 

2 n 

||Lo gf ,(n)i|| 2 = lim V ||y t l ' n || 2 = lim 2" (e# - l) = At, 

n— »oo • n— yoo \ / 
t=l 

and hence ||Exp n (Logfj(it))t || 2 = e xt . Similarly 

2" 

(«t,Log n (u)t> = lim y2(u t ,yi' n ) = lim 2" (e# - l) = At. 

n— >oo » \ / n— >oo \ / 

i=l 

For any integrand a;, (u t , Jq x s dLog n (u) s ^ is equal to 

n-1 

lim (u t , U M t , (fc+i)t (a^M ® Log n (u)i. ® (fc +i)t 

n— >oo * — ' \ „ i n i 1 „ V n n 1 n 



k=0 
n-1 



i^ Z]( % /'" % /«} (^/«' L °gn( n )t/n) 
fc=0 

n-1 „ t 

n^o^2 ( U kt/n, x kt/n) = A / (u s ,X s )ds 

l — n J 



fc=0 

Thus in the notation of Proposition | 

oo 

(u t ,Exp n (Log n (u)) t ) = 1 + Y,(ut,xty = ^X n t n /n\ = 

k=l k=0 

as required. □ 

Remark 5.11. Units in a super product system gives rise to the 
covariance function, and we can associate an index, an isomorphic 
invariant, in precisely the same way as for product systems. $Iq(H) 
forms a Hilbert space with respect to the inner product (b, b') = 
{bi,bi). The dimension of %Iq(H) is equal to the index of the su- 
per product system, since we have 

(Ex Pn (b) t ,Exp n (b') t ) = e M>* V b,b' G On(fT). 

Remark 5.12. In particular the index of a (spatial) product system 
is equal to the dimension of the centered addits with respect to any 
fixed unit. In some examples of Eq- semigroups on type I factors it 
is difficult to describe the units, but it may be easier to compute the 
addits. 
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This is the case for the CAR flow on B(T a (L 2 ((0,oo),k c ) of rank 
dim(k). The CAR flow of rank dim(k) is the Eo-semigroup satisfying 

6 t (a{f))) = a(T t f) V/ G L 2 ((0,oo),k c ), 

where T is the unilateral shift (see Example \2.b}) . It is well-known 
that CAR flow of rank dim(k) is conjugate to the CCR flow of the 
same rank, hence completely spatial with index dim(k). Still, the 
units for the CAR flows are not known except the vacuum unit. 

We can compute the addits for CAR flow easily. Setting H = 
r a (L 2 ((0,oo),k c ), H t = r a (L 2 ((0,i),k c ). Define unitary operators 
U t : H t <S)H H by 

UM A£---A&)<g>(£i A&---A£ m )) 
= 2*6 A T t i 2 ■ • ■ A T t U A i\ A • • • A £* . 

Then we have 6t(X) = Ut(ljit ®X)U£. Hence the space of inter- 
twiners for 7t is given by {T^ t : £t G Ht} with 

(10) Tt t (0 = U t (Zt®0, V£g#. 

TTie product system ofjt is isomorphic to (Ht,U St t) with 
MtfA£i"-A£)®(£A£-..A&)) 

= r„£ at^.-a r,4 A A £f ■ ■ ■ A 

TTie space o/ centered addits %Iq(H) is given by {xlo,t '■ % G k c } (see 
Corollary \7.4\ )- This proves that the index of jt is dim(k). 

6. The noncommutative white noise 

In this section we show that every Eo-semigroup {at;t > 0} on 
a Hi factor M has an associated noncommutative white noise. We 
define unital and additive cocycles for the noise and collect some 
facts which will be useful in the sequel. 

Definition 6.1. Let A\ % Ai C B be *-algebras and suppose ip is apos- 
itive linear functional on B. Ai and A2 are said to be tp -independent 
if 

(p{xy) = (p(x)<p(y) for all x G Ai, y G A 2 - 

Proposition 6.2. Let U be a gauge cocycle for a. Then Ut is inde- 
pendent of a$(M) in the sense that 



r(U t a t {x)) = T(U t )r(at{x)) for all x G M, t > 0. 
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Proof. We simply compute 

T(u t a t (x)) = (n,u t a t (x)n) = (n,u t s t xn) 

= (n, s;u t s t xn) = (n, e tc *^xn\ 

= e tc '^T{x)=r{U t )r{a t {x)) 
for alH > 0, x G M. □ 

This property will be called the future independence property of 
gauge cocycles. Let At be the *-algebra generated by elements 

{U s : U G G(a), < s < t}. 

A simple induction argument shows that At is the linear span of 
elements of the form 

U} 1 a Sl (Ula S2 (---a Sn _ 1 (Ul)---)) 

where n G N, U 1 , . . . U n G G(a), si, . . . , s n G M+ and si + . . .+s n < i. 
Let Ao,t be the ultraweak closure of At and set A s>s+ t := a s (Ao,t). 

Proposition 6.3. (A St t)o<s<t is a> covariant filtration of von Neu- 
mann algebras for a. Moreover, when t± < S2 the algebras A S1 n and 
A S2) t 2 are independent. 

Proof. The covariance easily follows as 

«r(A Sji ) = a r o a s (A ,t_ s ) = A r+Sir+i . 

We need to show that if [si,ti] Q [52^2] then A si) t 1 C A S2j j 2 , i.e. 
that a Sl _ S2 Ao,t 1 -si C Ao,t 2 - S2 . For this we note that when < p < 
t\ - s\ we have a Sl - S2 (U p ) = U* 1 _ S2 U p+Sl - S2 and this is in A ,t 2 -. S2 
as < s± — S2 < t2 — S2 and < p + s\ — S2 < t\ — S2 < *2 — *2- Since 
these elements generate a sl - S2 (Ao )tl -s 1 ) the inclusion follows. 

Now let t\ < S2- By ultraweak continuity of r, the final part of the 
theorem follows if a Sl (At 1 - Sl ) an d A S2 j 2 are independent. Hence it 
suffices to show that if x G M, n G N, U 1 ,...,U n G G(a) and 
«i, . . . , u n G M+ with «i + . . . + u n < t± — si, the elements 

^(^^(^^(•••a^-iKJ •••))) and 

are independent. Since u\ < t± — s± < S2 — S1 the future independence 
property of gauge cocycles gives us 

i"K(f / u 1 1 a«i(C / u 2 2 a «2(- • • a^-i(tC) • • • )))<Xsa(x)) 
= T{U} Ll a Ul {Ul 2 a U2 {- ■ ■ au^iU^J ■ ■ ■ ))a S2 - Sl (x)) 

= 7"(^ 1 )7"(a«i(f / n 2 Q «2(- • • a u n -l( U u n ) ■ ■ ■ ))a S2 - Sl 0)). 
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Moreover, as ut < S2 — s\ — Ylj=l u j f° r each 1 < k < n, we can 
continue inductively to obtain 

t(u Si "ui ( u n 2 a u 2 (• • • a«„-i (^C) • • • ))K 2 0*0) 
= r([/ u 1 1 )r(C/ u 2 2 ) • • • r([/:)r(a S2 _ Si „ E „ :iI% .(x)). 

Finally, we may use the future independence property and invariance 
of r under a to note that t(U^ 1 )t(U^ 2 ) • • • r(?J™J 

= ^^li^si^^t' • • a«n-i(£CJ • • • )))) 
and T(a S2 _ Si _^n-i u .(x)) = T(a S2 (x)). □ 

Remark 6.4. In practice, when we define an E^-semigroup, other, 
quite natural filtrations present themselves. By design, the collection 
of cocycles adapted to (A S]t )o< s <t is the gauge group G(a). On the 
other hand it is not clear if the collection of cocycles adapted to an- 
other filtration carries any meaningful information about the cocycle 
conjugacy class of a. 

Definition 6.5. Set A = \J 0<t Ao tt , = t\\ and a = u\a, then 
we call the quintuple (A,(p,a, (A S) t)o< s <t) the noncommutative white 
noise associated to the Eo-semigroup a. 

Define Gf to be the subspace of H generated by Aqj. We denote 
the projection onto Gf by Pt- Finally, let H l := StH, the subspace 
generated by «t(M). 

Remark 6.6. Similar forms of noncommutative white noise have 
been well studied - see the review article [16], or section 6.5 of |12j . 
The key difference being the use of a group of automorphisms. This 
gives good continuity properties for the family of conditional expec- 
tations E Sj t : A — > A s .i (see Lemma 3.1.5 in [12\), allowing the de- 
velopment of noncommutative ltd integrals. 

Lemma 6.7. The multiplication Aqj x H — > H , (x, £) i— > x£ extends 
to a continuous bilinear map 

Moreover for £i> 6 £ Gf and 771 , 772 G Br we have 

Proof. We first show that, for any n G H l and x € Ao,t, we have 

II l|2 / * \ n ||2 

If 7 ? I li? = T \ x x ) IMIff • 

indeed, pick yi S o^(M) with yi — > i]. Then as x is an operator on 
H, we have \\xn — xyi\\ H < \\x\\ — yi\\ H — > 0, so xyi — > xr\. Hence 

ll X7 ?llff = . um T { x *yiUi x ) = t{x*x) \\r)\\ 2 H 
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by independence. 

Now pick an arbitrary £ £ Gf and rj £ if*. Since Gf is the norm 
closure of Ao,t in if there is a sequence Xj £ Ao,t tending to £. The 
sequence Xj?7 is Cauchy, since 

|| (a* - Sj-^IIh = r (( x * ~ ^')*(^ - UWh -> 0. 

We call the limit £77. By continuity of addition and scalar multipli- 
cation the map (£, 77) 1— >■ £77 is bilinear and by definition it extends 
the usual multiplication on Ao,t x if*. The norm of the element £77 
is given by 

UvWh = lim WxxvWh = lim T{x*Xi) \\t]\\ 2 h = \\i\\ 2 H \\r]\\ 2 H , 

hence the multiplication is continuous. 

If x\, x 2 £ Ao,t and 7/1,7/2 £ «t(M) then we have 

{xm,x 2 y 2 ) H = T(ylx\x 2 y 2 ) = r(xlx 2 )r(y*y 2 ) = (x 1 ,x 2 ) H (yi,y2) H ■ 

The final claim of the lemma now follows from standard limiting 
arguments. □ 

As a consequence to the above lemma we have, for £ £ Gf and 
77 £ if*, (£,7/) = (£, fi) (0, 77) . The following corollary follows imme- 
diately. 

Corollary 6.8. (Gf , £/ Sl t) forms a completely spatial product system 
with 

U., t {Z. ® 6) = 65,6, V & £ Gf £ Gf , 
cmd $lt = £1 for all t > 0. 



The units in the product system (Gf,U s t) are multiplicative co- 
cycles, that is {ut : u t £ Gf } C if satisfying u s S s u t = u s +f Sim- 
ilarly addits are additive cocycles {bt : 6* £ Gf } C if satisfying 
6 S + S s b t = b s+t . We denote the unital cocycles and the exponential 
cocycles by 11(a) and iin(a) respectively. Also we denote by 21(a) 
the space of all additive cocycles and denote by 2lo(a) the subset of 
21(a) satisfying the structure equation 

(11) (b t - P b t , b t - P b t ) + P b t + P Jb t = 0. 

where Pq is the projection onto Cfit. Let ct = bt + XtQ, where b is a 
centred additive cocycle. Using Lemma I3~8l the structure equation 
(fTTj) can be rewritten as 

(12) H&iH 2 + A + A = 0. 
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Let Ct = bt + \t£l, where b £ 21^- Then we define Exp(c)t := 
e A *Exp c (6)i for all t > 0. Since 

||Exp(c) t || 2 = e(ll fel ll 2+A+ ^ 

we see that Exp(c) is a unital cocycle precisely when c satisfies the 
structure equation (fT2j) . Conversely, given a unital cocycle u there 
exists A £ C such that (£l,ut) = e xt . Since vt = e~ xt u t is an expo- 
nential cocycle the assignment Log(u)j = Log n (v)t + Xtfl gives an 
inverse for Exp : 2to(«) — > 

Corollary 6.9. There exists an isometry D from H(G(a)) into the 
subs-pace 

Span{&i : b € 2lo centred}. 

Proof. If [/ and V are gauge cocycles, and u, v their corresponding 
unital cocycles there exist centred addits b and c and constants A, fi € 
C such that Log(ti)^ = bt + Atf2 and Log(t>)t = q + /xifi. Moreover 

i.e. c*(U,V) = A + /U + (&i,ci). The result now follows from [3J, 
Proposition 2.6.9. □ 

Corollary 6.10. The gauge index dim G(a) is zero if and only if the 
gauge group is trivial, i.e. G(a) = R. 

Proof. Recall that H{G(a)) is the completion of a quotient space of 
functions and denote the equivalence class of a function / by [/]. 
The proof of Corollary 16.91 shows that 

D( £ au[Su])= otr(l-fb)Log(l7n)i, 

UeG(a) UeG(a) 

whenever finitely many of the a^/ 6 C are nonzero and we have that 

£[/6G(oO a ^ = °- 

If the gauge group is trivial every gauge cocycle is of the form Ut = 
e m l for some € R. Thus Log(LTfi) t £ P #, so D(^ g(q) oj/^i/]) = 
0, hence H(G(a)) = {0}. Conversely, let dimG(a) = and pick 
£/ G G(a). We must have - Si)) = (1 - P )Log(l7fi)i = 0, so 

there exists A 6 C with Log(£/f2)t = XtQ. Writing Ut = e A< l we see 
that A = iO for some G R. □ 

Remark 6.11. There is a natural action of G{a) as automorphisms 
of the product system (Gf, U s j) via (U-£)t = Ut£t f or an V measurable 
section £. It follows that the gauge group of an E^-semigroup on a 
III factor is always a subgroup of one of the groups Gh in 0] , Section 
3.8. 
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7. Computation of Gauge index 

Let a be an Eo-semigroup on a Hi factor M C B(L 2 (M)) = H and 
S = {St : t > 0} be the canonical unit for a. 

Definition 7.1. An additive cocycle for S is a continuous map b : 
]R + —7- H satisfying b s + S s bt = b s +t for all s, t > 0, for any £ £ H . 

Remark 7.2. If we define a centred additive cocycle for the unit 
T as a continuous family (bt) £ H satisfying b s + T s bf = b s+ t and 
{bt,Tt£) = for all s,t > 0, £ £ if i/ien ; as m i/ie proof of Lemma 
\4-8\ centred additive cocycles satisfy (b s ,c s ) = s (&i,ci) for all s > 0. 
Hence additive cocycles form a Hilbert space via the inner product 
{b,c) := (pi,c\) H . It is easily seen that if a and (3 are conjugate 
Eq- semigroups then the spaces of centred additive cocycles for their 
respective canonical units are isomorphic. But they need not be in- 
variant under cocycle conjugacy. 

Lemma 7.3. Let 7™ be the free flow of index n on the II\ factor 
LiFzc) C 5(r f ((L 2 (0,oo),k c )). Every additive cocycle {b t : t > 0} 
for S, satisfying an additional condition bt £ Tf(L 2 ((0, t), k c ) is of 
the form bt = Xt + wl[o,t] where A £ C, v £ k c . 

Proof Note that 

s t (h ® • • • ® U) = T t fx ® • • • ® r f / n . 

As S 1 leaves each of the spaces L 2 (M + ; k c )®" invariant each addit 
decomposes as b = Yln>o° n i wnere b n is an addit in L 2 (R + ; k c )® n . 
Since 6° +f = b° s + 5,6? = 6° + b° t , we have 6g = At for some A £ C. 

Pick an orthonormal basis {e^ : i £ /} for k. Since 6* £ £ 2 ([0, s]; k c ) 
and since r h-> lr 0)T .i ® ej is a centred addit we have for all < r < s 
and i £ I 

(l[0,r] ® e «> &s) = (l[0,r] ® e ^ & r + S r b\_ r ) 
(l[ ,r] ® e*, &r) = 

for some fij £ C. Thus 6* = lr 0iS ] ® v, where u = ^ MiCj £ k c . 

Fix n > 2 and set F s := 6™ £ L 2 (M + ;k c )® n ~ L 2 (M"; (k c )® rt ) for 
each s > 0. Then by induction we have, for any k £ N, 

2 fe -l 

= S 2 -k is F 2 -k s . 

i=0 




28 



O. MARGETTS AND R. SRINIVASAN 



Thus, modulo a null set, 

2 k -l 



suppF s C (J [2- k is,2- k (i + l)s] 



i=0 

and since this holds for every k > we get 

suppF s C {x G : xi = X2 = ■ ■ ■ 
which has measure zero. 



□ 



For Clifford flow on the hyperfinite Hi factor 1Z the canonical 
unit is the second quantized shift on the antisymmetric Fock space 
r a (L 2 ((0, oo), k)). But this is the restriction of the second quantized 
shift on free Fock space to subspace generated by the antisymmetric 
tensors. So the following corollary to lemma E3] follows immediately. 

Corollary 7.4. Let a n be the Clifford flow of index n on the hyper- 
finite Hi factor 1Z C B(T a ((L 2 (0, oo), k c )). Every additive cocycle 
{b t : t > 0} for the canonical unit S, satisfying b t G r a (L 2 ((0, t), k c )), 
is of the form bt = At + vl[o,t] where A € C, ti£k c . 

Lemma 7.5. Let N be a von Neumann subalgebra of a II\ factor M 
and a cyclic and separating trace vector for M. If ^ = xVl for some 
i£M,ip then £ £ NO. 

Proof. Suppose we have a sequence of vectors x n Q with x n £ N for 
all n and x n fi — > £. Then, using the cyclic property of the trace, 
x%p, x*0 and, for all y G M', z E N', 

(yQ,zxtt) = lim (yQ,zx n Q) = lim (yx* n ,zQ) 

n— >oo n— >oo 

= (yx*Q, zQ) = (yfi, xzfi) . 

Using density of M'O and faithfulness of the trace this implies x G N, 
a contradiction. □ 

Proposition 7.6. If a 11 is the Clifford flow of rank n then the gauge 
index dimG(a n ) = 0. 

Proof. By [I], Proposition 2.9, the relative commutant TZt = ctt(TZ)'r] 
1Z is the von Neumann algebra generated by even polynomials in 
the elements {«(/) : supp/ C [0,t]}. Note that K t tt = Gf C 
r a (L 2 ((0, t), k c )), and that any addit for {Gf : t > 0} is an additive 
cocycle for {5^ : t > 0}. Now it follows from corollary 17.41 and lemma 
17.51 that the only centred addit is thus the zero addit. Thanks to 16.91 
we have 



dimG(a) < dim Span {b\ : b G 2lo centred} = 0. 



□ 
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Thus it follows from Corollary 16.101 that for Clifford flows on 1Z 
we have G(a) = R. 

Proposition 7.7. If (3 n is the even Clifford flow of rank n then the 
gauge index dimG(/3 n ) = 0. 

Proof. The GNS Hilbert space for even Clifford flows of rank n is 
the subspace of the antisymmetric Fock space generated by the even 
particle spaces, that is 

H e := Ki A 6 A • • • A 6m! 6,6 • • • 6m € L 2 (0, oo), k c ), m e N ], 

where k is a Hilbert space with dimension n. Again the canonical unit 
for this even Clifford flow is the restriction of the second quantized 
shift to this space. Also the relative commutant TZ± = atiJZ) 1 n TZ 
is again the von Neumann algebra generated by even polynomials in 
the elements {u(f) : supp/ C [0, t]}, as in the case of Clifford flows, 
and Gf C Hf, where 

H e t := [6 A 6 A • • • A 6m; 6,6 • • • 6m € L 2 (0, t), k c ), m € No]. 

By our earlier analysis the canonical unit does not admit any non- 
trivial additive cocycle (apart from {Aifi}) in this space. □ 

The following lemma (and its proof) was pointed out to the first 
named author by Jesse Peterson on the discussion site mathover- 
flow.net. 

Lemma 7.8. Let Mi and M2 be II\ factors acting standardly with 
traces t\ and T2 and set M = Mi * M2, r = T\ * T2- Then the relative 
commutant M^ n M in L 2 (M,r) is trivial. 

Proof. Recall that L 2 (M, r) decomposes as 

(13) C©0 L 2 (M tl ,T tl )®...®L 2 (M ln ,T ln ) 

nSN ii^i 2 ^...i„ 

where Lq (Mj . , n . ) is the orthogonal complement of the identity in the 
respective L 2 space (see [2B]). L 2 (M, r) is naturally an Mi-bimodule 
and under this decomposition the left action of Mi is given by 

, , _ / a*i®---®£„ if6€L 2 (M 1) Ti), 

^® x®^®---®^ ifeieL 2 (M 2 ,r 2 ), 

with the right action being defined similarly. 

Picking any vector £ = £1 ® ■ ■ ■ ® £ n beginning and ending with 
nontrivial elements of Lq(M2,T2) we see that it generates an Mi- 
sub-bimodule L 2 (Mi, n) ^ L 2 (Mi, n). From the decomposition 
(|13p it follows easily that, as an Mi-bimodule, L 2 (M, r) decomposes 
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into a direct sum of the standard bimodule L 2 (Mi,ri) and a count- 
able number of these. Moreover each L 2 (Mi, n) ® £ (8> L 2 (Mi, n) is 
canonically isomorphic to the bimodule L 2 (Mi,ri) ®L 2 (Mi, ri) with 
action x ■ (a ®b) ■ y = xa <g)by (the coarse bimodule) . 

Any element of M' 1 n(Mi*M2) corresponds to a vector £ G L 2 (M, r) 
satisfying x ■ £ = £ • x. Since Mi is a factor we are left to characterise 
the central vectors in the coarse bimodules. Endowing the space 
of Hilbert-Schmidt operators HS(L 2 (M\, n)) with the standard Mi- 
bimodule structure coming from left and right multiplication one gets 
an isomorphism L 2 (Mi,ti) ® L 2 (Mi,ri) ^ #S(L 2 (Mi,ti)). Thus 
a central vector in the coarse bimodule corresponds to a Hilbert- 
Schmidt operator in 5(L 2 (Mi, n)) which lies in the commutant 
of Mi in L 2 (Mi,Ti). For any such operator, upon taking a spectral 
projection, we get a finite dimensional projection living in M^. But 
this is a Hi factor, hence the coarse bimodule contains no central 
vectors. □ 



The following Corollary to the above lemma also follows from 
Proposition 18.231 in Section [HJ 

Proposition 7.9. Let j n be the free flow on ^(k) of rank n. Then 
we have dimG(7 n ) = 0. 



Proof If * t (k) = {s(f t ) : f t G L 2 (0,t)}" and $ [t (k) = {s(f [t ) : f [t G 
L 2 (t,oo)}", then $(k) = * t (k) * * [t (k). It follows that (a t ($(k)))'n 
$(k)=C. □ 



Triviality of the gauge group implies the following rigidity con- 
dition for the semigroup. A history (7, M) on B{H) consists of a 
group of automorphisms on B(H) and an invariant von Neumann 
subalgebra M C B(H) (see [3] or [3]). Any history induces a pair of 
Eo-semigroups via at ■= 7(|m an d ftt := 7-*|m' ^ 0)- Conversely, 
given a pair of Eo-semigroups a, /3 on M and M' respectively the ques- 
tion of whether they extend to a history on B(H) is still unsolved. 
Arveson showed that when they do exist, the number of distinct his- 
tories inducing the pair is exactly parametrised by the gauge group 
of a (0j, Proposition 2.8.4). Hence if a is a Clifford, even Clifford, 
or free flow on M and j3 is any Eo-semigroup on M', then a history 
extending a and /3 must be unique. Physically, it is completely deter- 
mined by its "past" and "future" dynamics. Whether this rigidity 
problem always holds, or if there exist examples of Eo-semigroups 
on Hi factors with nontrivial gauge groups, is an interesting open 
question. 
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8. Computation of coupling index 

Let a = {at} be an Eo-semigroup on a type Hi factor M with trace 
r, acting standardly on L 2 (M), and Q be the cyclic and separating 
vector. For every t > 0, denote 

Ef = {T G B(L 2 (M)) : a t (m)T = Tm V m G M}, 

the set of all intertwining operators for at- It is proved in pQ that the 
family {Ef : t G (0, oo)} forms a product system of Hilbert modules 
over M'. Since our tools are not product system of Hilbert modules 
in this paper, we do not recall this theory and results from [1] in full 
detail. We reproduce the following theorem from [1] , and make a few 
definitions and remarks about product systems of Hilbert modules. 
All our modules are von Neumann modules, which may be defined 
as weakly closed (equivalently, strongly closed) subspaces E C B(H) 
satisfying EE*E C E. E*E is the von Neumann algebra acting on 
the right and EE* is the collection of adjointable operators. The 
inner product is (x,y) = x*y (see [23] . Part I, Chapter 3 or [9] for 
details). 

Theorem 8.1. Ef is full, self-dual W - M' Hilbert bimodule. Its 
natural w* — topology coincides with the relative a— weak topology. 

We can also define 

Ef = {T G B(L 2 (M)) : a' t {m')T = Tm' Vm' G M'}, 

the complementary product system or the product system corre- 
sponding to the complementary Eo-semigroup a' . Ef satisfies all 
the properties of Ef with a replaced with a'. In fact 

Ef = JEfJ V t > 0. 

Self-dual bimodules are von Neumann modules. Again we do not 
require the theory of von Neumann bimodules in full detail here. 
We only use the following lemma on von Neumann modules in this 
section. The reader can refer either to [23] or to [9] (Proposition 1.7) 
for a proof. In this lemma E\, E can be considered as only right von 
Neumann modules. 

Lemma 8.2. If E\ is a (strongly closed) M-submodule of a Hilbert 
von Neumann M— module E and E\ ^ E. Then there exists a non- 
zero y G E such that y*x = for all x G E\. 

The bimodules Ef and Ef' for Clifford flows may be described as 
follows. This description is used in our computation of Ind c (-). Let 
H t = r a (L 2 ((0,t),k c )). Since the Clifford flow {a t : t > 0} is the 
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restriction of the CAR flow on B(T a (L 2 ((0, oo), k c ))) = B(H) to the 
hyperfinite Hi factor 1Z, it satisfies 

a t (m) = U t (lff t ®m)Ut V me K. 

Hence we have {TJr t : £t G Ht} C E 1 ". (Here £/f and Tt t are as defined 
in Remark 15.121 ) 

Suppose X t G E" and X^T^ = for all £t G i/f, then 

x;t^ = xt(u t fa ® £)) = o, v £ g h, 6 g ff t . 

This implies that = 0, thanks to the totality of the set {i7f (£t<8>£) : 
£ G .ff, £t G -fft} in So by Lemma [8721 we conclude that Ef is the 
Von Neumann (right) M'— Module generated by {Tg t : £t G i?t}. 
This is the weak operator closure of right M-linear combinations of 
{T it : G fit}. 

We can also define unitary operator U' t : Ht ® H ^ H hy 

= e* A $ • • • A A T t a AT^-A TtU- 
Then it is easy to verify that 

a' t (m') = U't{l Ht ®m l )U l t \ 
and it follows that {T^ : £t G Ht} C where 
(14) Z&(0 = 0*(&®0, V£eff. 

Using an argument similar to thanks to Lemma [8. 2 1 we find Ef 
is the (right) Von Neumann M— Module generated by {T^ : £ t G H t }. 

This can be generalized to any Eo-semigroup on a type Hi factor 
M, which is obtained by restricting an Eo-semigroup on B(L 2 (M). 
In particular the product system of Hilbert modules associated with 
free flows on <l?(k) are described by the product system of Hilbert 
spaces of the free flow on B(T f (L 2 {R + ; k c )). 

As before {St € Ef : t > 0} denotes the canonical unit for {at : 
t > 0}. We prove the following useful lemma, which will be used 
in many instances, including our computations of the coupling index 
for Clifford flows, even Clifford flows and free flows. 

Lemma 8.3. Ef = [M'S t ] = a t (M)'S t , where [M'S t ] denotes the 
weak operator closure of M'St- 

Proof. Theorem 18.11 assures us that Ef is a M' — M' Hilbert von 
Neumann bimodule. Since S t G Ef it follows that [M'St] Q Ef. We 
first verify that Ft = [M'St] is a M'-Hilbert von Neumann submodulc 
of Ef. Notice that F t *F t = [5 t *M'5 t ]. We only need to verify F t *F t = 
M' (see [9] for details). 
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For any m' G M' we have 

S^m'Stm = S^m'at(m)St = mS^m'St, 

and hence S%M'S t CM'. On the other hand 

m' = S^Stm' = Sla' t {m!)St-, 

where {a' t } is the complementary Eo-semigroup on M' corresponding 
to {at}. So it also follows that 

M' C S;a' t (M')S t C S*M'S t . 

We have verified that M' = FfFt and that Ft is a von Neumann 
submodule of Ef . 

Now suppose there exists a T G Ef and T _L M'St with respect to 
the M' valued inner product of Ef, i.e., T*m'St = for all m' G M'. 
Then T*m' St^l = T*m'VL = 0. Since T* vanishes on a total set, 
we conclude that T = 0. Now we deduce from Lemma 18.21 that 
Ef = [M'S t ]. 

To prove the the second equality, we refer to [T](see Proposition 
3.4), where it is proved that the space of all adjointable operators 
B{Ef) on the Hilbert von Neumann module Ef is equal to at(M) . 
This in particular implies that Ef = at(M) St- □ 

It is proved in pQ that {Ef : t > 0} forms a product system 
of M' — M' modules with respect to the tensor product defined by 
operator multiplication, and that it is a complete invariant for the 
Eo-semigroup a. That is two Eo-semigroups a and f3 are cocycle 
conjugate if and only if the corresponding product system of Hilbert 
modules {Ef : t > 0} and {E^ :> 0} are isomorphic. An isomor- 
phism between product system of Hilbert modules is a family of 
M' — M'— linear module isomorphisms, satisfying some measurability 
conditions, which respects the tensor products structure induced by 
operator multiplication. 

For a single fixed Eo-semigroup a, automorphisms of E a are given 
by the gauge cocycles of a. In fact, for every gauge cocycle U of a, Ut 
acts on the left of Ef as an adjointable operator since it is contained 
in a t (M)' (see [I]) and it is left M'-linear since {U t : t > 0} C M. 
This gives rise to an automorphism of E a . Conversely, for any given 
automorphism (j>t : Ef \— > Ef, the proof of 3.12 of pQ implies that 
there is a unique a-cocycle {Ut : t > 0} satisfying UfT = 4>t(T). 
Further 

U t a t (m)T = U t Tm = (f> t (T)m = a t (m)<f)t(T) = a t (m)U t T, 

for all T G Ef,m G M and t > 0. Now Lemma 18.31 implies that 
Ut G at(M)', hence is a gauge cocycle. 
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Remark 8.4. Our computations in Section [?] imply that the prod- 
uct systems of Hilbert modules associated with Clifford flows, even 
Clifford flows and free flows do not admit any non-trivial automor- 
phisms. 

Proposition 8.5. If a and (3 E^-semigroups are on II\ factors Mi 
and M2 respectively, then 

= E a q E P y f > Q 

Proof. Clearly for T G Ef and S G £?f T ® S G E?®? . So it follows 
that Et®Et C E^®^ for all i > 0. On the other hand suppose there 
exists a X G £ t Q ®^ such that I*(T®S)=0 for all T G E£ and 
S G £f , then Z*(mi <g> m^Q = for any m' 1 G M' x and m' 2 G M^, 
thanks to Lemma 18.31 Hence X = 0. Now the rest of the proof 
follows from Lemma 18.21 □ 

Due to the existence of the canonical unit all Eo-semigroups on a 
type Hi factor are spatial, that is they admit a unit. We can define 
complete spatiality as follows. 

Definition 8.6. An E^-semigroup is said to be type I, or completely 
spatial, if there exists a subset S C U a 

Ef = [u^m'iUtz ■ ■ ■ u tn m' n : u ti 6 S, m\ G M',ti H \-t n = t, n G N], 

where [•] denotes the weak operator closure of the span. Otherwise it 
is said to be type II. 

We know that the CAR flow on B(T a (L 2 ((0, 00), k c ))) is type I, so 
we do have enough units in the associated product system of Hilbert 
spaces {H t }. Since the product system of Hilbert modules associated 
with the Clifford flow, are the (right) M'— modules generated by {T^ t : 
£t G Ht}, it is easy to see that the condition in Definition 18.61 is 
satisfied, with S being the set of all units of the CAR flow. This 
show that Clifford flows are of type I. 

It is shown in [11], that the free flows on B(T f(L 2 ((0, 00), k c )) are 
type I, for any dim(k). Arguing as for Clifford flows, we get that free 
flows of any rank on <l?(k) are of type I. In fact, the above argument 
can be extended to prove that any Eo-semigroup on a Hi factor M, 
which is the restriction of a type I Eo-semigroup on B(L 2 (M.)), is 
type I. 

Proposition 8.7. Let a be a Eo-semigroup on a II± factor M, which 
is not an automorphism ofM. Then 

Ef n M = 0. 
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Proof. Fix t > 0. Suppose mt G Ef n M is an intertwiner for at 
then m\mt G M n M'. Without loss of generality, after dividing by 
a scalar if needed, we assume that m\mt = 1. If mt is unitary, we 
would have at{m) = mtmm\ for all m G m. Since mt G M, this 
means at is an (inner) automorphism, contradicting our assumption. 
So nit is a isometry in M, which is not a unitary But this is not 
possible since M is a finite factor. □ 

Remark 8.8. Here we have defined type I using right M' -linear com- 
binations of products of units, and we expect our definition to accom- 
modate a rich theory with both type I and type II examples. The other 
possible definition of type I, using left M 7 -linear combinations of ten- 
sor products of units, is vacuous. Under this definition, all product 
systems of Hilbert modules associated to E^-semigroups on II\ factors 
are of type I. This follows immediately from lemma \8.'A 

In [7] a different definition of type I is given. Namely, that the 
product system is generated by "continuous units" (see [7J for pre- 
cise definitions). Under this condition no product system of Hilbert 
modules associated to an E^-semigroup on a II\ factor is type I. This 
follows from the fact that type I product systems in [7J admit a central 
unital unit, whereas the product systems associated to Eq- semigroups 
on II\ factors contain no central elements, by Proposition \8. 1\ In fact 
the associated CP semigroup of any unit in Ef cannot be uniformly 
continuous, as defined and assumed in the main results of [7J . 

Now we describe the super product system for an Eo-semigroup 
a on a Ili-factor M. For every t > 0, let Hf = Ef n Ef' . Then 
the operator norm on Hf arises from an inner product and Hf is a 
Hilbert space with respect to that inner product. In fact, for S,T G 
Hf and m G M, m' G M', we have: 

T*Sm = T*a t {m)S = (a t {m*)T)*S = (Tm*)*S = mT*S, 

since S,T G Ef ; on the other hand we also have 

T*Sm = T*a' t (m')S = (a' t (m'*)T)* S = (Tm'*)*S = m'T*S, 

since S,T G Ef' . Since M is factor, T*S commutes with all operators 
in B(L 2 (M)). So T*S is a scalar multiple of the identity and we define 
{S, T) t by r*^ = (S, T) t 1. The operator norm norm on Hf coincides 
with the norm given by this inner product since 

||T|| 2 = \\T*T\\ = || (T, T) t 1|| = (T, T) t . 

Since both Ef and Ef are closed under operator norm, Hf is also 
closed under operator norm. Hence Hf is Hilbert space with respect 
to this inner product. 
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The fact that both Ef and Ef are product systems of Hilbert 
modules, imply for X s G Hf and X t G iff, that X s X t G Hf +t , that 
is ffffTf C Hf +t . Further for X s , Y s G fT? and X t , Y t G flf , 

(M,y s y t ) s+t i = x t *(x*F s )y t 

= (X s ,Y s ) s X t Y t 
= (X s ,Y s ) s (X t ,Y t ) t l. 
We have verified that the map U S) t : H t ® H s ^ H s+t , given by 

u s , t (Y s ® y t ) = yy , y g # s , y t g ff t 

is an isometry. We have the following theorem. 

Theorem 8.9. Let a = {at : t > 0} be an E^-semigroup on a II\ 
factor M, #ien {Hf, U s j} S: te(o,oo) * s a s^pe^ product system. 

Proof. The associativity axiom follows immediately from the associa- 
tivity of multiplication of operators. The measurability axiom can 
be proved in an exactly similar manner to product systems, as given 
in [I] (see Theorem 2.4.7, page 37). □ 

Remarks 8.10. {Ut '■ t > 0} is a multi-unit for an E^-semigroup 
at on Hi factor if and only if {Ut : t > forms a unit for the 
super product system (H",U St t). (For semigroups measurability is 
equivalent to strong continuity.) 

The above described concrete super product systems forms an in- 
variant for Eo-semigroups on Hi factors. 

Theorem 8.11. If two Eo-semigroups a and f3 acting on a II\ fac- 
tor M are cocycle conjugate, then the corresponding super product 
systems {Hf : t > 0} and {H^ : t > 0} are isomorphic. 

Proof. If j3 is replaced with a conjugate version, we get an isomorphic 
super product system given by the isomorphism T i— > Adjj(T), where 
U is the unitary operator which implements the conjugacy (see Sec- 
tion [2]) . So without loss of generality we assume M acts standardly 
on L 2 (M) and a and (3 are cocycle perturbations of each other. Let 
Ut be an a-cocycle such that (3 t (-) = Utott(-)U* . Then JUtJ is an 
a'— cocycle. Now define Vt : Ef i— > by 

V t (T) = UJUJT, V T G H?. 

Vt provides the required isomorphism. Indeed for T G H", 

f3t(m)V t (T) = U t at(m)U t *U t JU t JT = U t JU t Ja t {m)T = V t (T)m, 

P' t (m')Vt{T) = JU t Ja t {m')JUZ J JUtJUT 
= JU t JU t a' t {m')T = V t (T)m', 
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for all m G M, ml G M'. This implies VtHf C fl^ . By reversing 
role of a and /? with V^* the opposite inclusion also follows. It is 
easy to verify V% is unitary and provides a Borel map between the 
super product systems. The equation [3] can be checked as follows. 
For T s eH«,T t eH?, 

V s+t U« t {T s ® T t ) = V s+t T s T t 

= U s+ tJU s+ tJT s T t 

= U s a s {U t )JU s Ja' s {JU t J)T s T t 

= U s JU s JT s U t JU t JT t 

= Uj? tt (U s JU s JT s ® U t JU t JT t ) 

= uj? >t (V s ®V t )(T s ®T t ) 

So we do have (H a , U« t ) ^ (H?, U^J). □ 

Recall that the *— preserving property of at implies that J and St 
commute for all t > 0. Now Lemma 18.31 implies 

(15) H? = (a t (M)' n Ja t {M)'J) S t . 

Proposition 8.12. If a and /3 are two EQ-semigroups on II\ factors 
Mi and M2 respectively. Then 

H? ® iff = H^ V t > 0. 

Proof. Clearly the canonical units satisfy = Sf ® S'f for all 

t > 0. If Ji and J2 are modular conjugation with respect to Mi 
and M2 respectively, then the modular conjugation J for Mi ® M2 is 



given by J\ ® J2. Now, thanks to the relation [151 we have H. 



t 

{{{a t ® ft) (Mi ® M 2 ))' n J((a t ® ft)(Mi ® M 2 ))'J) 
((« ( (Mi)' ® ft(M 2 )') n (Jia t (Mi)'Ji J 2 ft(M 2 )'J 2 )) S?®' 
(a t (Mi)' n Jia t (Mi)'Ji)5f ® (ft(M 2 )' n J/3 t (M 2 )'J)Sf 
fl? 8) -fff V i > 0. 



□ 



To facilitate neat computations, we record a simple observation as 
the following proposition, which realizes the super product systems 
(if", Uf t ) as concrete Hilbert subspaces of H = L (M). 

Proposition 8.13. Let a be an E^-semigroup on a II\ factor M 
acting standardly on H = L 2 (M), with cyclic and separating vector 
fi. Then (H^£l,U s j) forms a super product system, where 

u Sjt (xn ® YQ) = XYQ, V X £H?,Y G h?. 
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Further (H^Q, U s t) is isomorphic to (H™, Uf t ) as a super product 
system. 

Proof. The association Hf 3l4 XVt G HfQ, preserves inner prod- 
ucts and is onto, hence provides a unitary operator. In fact 

{xn, YQ) = {n, X*YQ) = {Q, {X, Y) n) = {X, Y) . 

□ 

Since the following useful assertion will be repeatedly used, we 
separate it as a lemma. Here and elsewhere, p mo (= Jm^J) denotes 
the bounded operator determined by right multiplication by mo, that 
is 

p mo (m£l) = mmoQ, VmeM. 
From Proposition 18. 3\ we have 

flf = E? n Ef = [MS t ] n a t (M)'S t . 

Hence for any A G H" there exists a T G at(M)' such that A = TSt- 

Lemma 8.14. Let a be an E^-semigroup on a ll\ factor M. Then 
for any A = TSt £ Hf we have 

Pa t (m)(TQ) = Ta t (m)Q, V m G M. 

Proof. Since TSt G [MStf2], there exists a net {m\}\^\ C M such 
that m\St converges strongly to TSt- Thus the net {m\Stm£l = 
m\at{m)QI} converges in norm to TStmVL = Tat(m)Q for all m G 
7Z. Since m\Q converges to 2T2, we conclude that {pa t (m){ m \^) — 
m\at(m)Q} converges also to p at ( m j(T£l). The result follows. □ 

Now we turn our attention to Clifford flows, our basic examples of 
Eo-semigroups on the hyperfine Hi factor TZ. Set 

Ht n = [£i A 6 A • • • A 6m.; 6, 6 • • • & m G L 2 ((0, t),k c ), m G N ], 

for all t > 0, and dim(k) = n G N U {oo}. We may write just Hf in 
many instances when n is arbitrary but fixed. 

We fix the following notations, when we work with antisymmetric 
Fock spaces. Pick distinct posets Ai, A2 order isomorphic to N. 
Fix an orthonormal basis {/ijieAi f° r -^ 2 ((0,i),k) and {gj}jeA 2 f° r 
L 2 ((t, 00), k) so that {/jjigAi U {9j}jeA 2 forms an orthonormal basis 
for L 2 ((0,oo),k). Let 

V = {I = (ii,i 2 ---im) eAf : 1 < i x < i 2 < • • • < i m ,m G N }; 

T = {F = (jx,j 2 • • ■ jm) G A™ : 1 < ji < j 2 < • • • < j m ,m G N }. 
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For I = (ix,i 2 ■ ■ ■ i m ) G V, F = (ji,j 2 • • • 3m) € F> define 



u(I) = uC/iOuC/fa) ■■■u(f im ); 
u(F) = u{ gjl )u{g j2 ) ■ ■ ■ u(g jm ). 



Then it is well known that {u(I)u(F)£l : I G V,F G F} forms an or- 
thonormal basis for the antisymmetric Fock space r a (L 2 ((0, oo), k c )) 
(see for instance |20j). 

The following proposition describes the super product system for 
Clifford flows. In the following proposition and elsewhere, an empty 
wedge product is interpreted as the vacuum vector f2. 

Proposition 8.15. Let a n be the Clifford flow of rank n. Then 
HfVt = Hf n for allt> 0. 

Further the unitary map U, tt : Hf n ® Hf n i-> Hf + £l, imple- 
menting the tensor products in the super product system, is given 
by 

U s ,t((£l A £ 2 A • • • A £ 2m ) ® (?7i A 772 A • • • A r) 2m >)) 
= £1 A £2 A ■ ■ ■ A £2m A S s rn A S s rj 2 A • • • A S s n 2m ' 

where £i,£ 2 •••£2m € -^ 2 (0,s), r/2 ■ ■ ■ T?2m G £ 2 (0,i). 



Proof. Let the operators T^ t , be as defined in[10j Q31 Through our 
earlier discussion at the beginning of this section, it is easy to see, 
we have T^ t = T'^ whenever £t G iiTf. Consequently Tg t G iT", for all 
£i G iff. We need to prove that i?" contains only these elements. 
Observe J&fi = £ t . 

Fix t > 0. Let Hf 3 A = TS t , with T G c#(M)' be an arbitrary 
element, then A£l = TSt^l = TO. There exists a unique expansion 



Notice that ctf(K) = {u(F') : F' G F}" . So by lemma EH we have 



(16) 



TU= \(I,F)u(I)u(F)£l, X(I,F) G C. 



(17) 



p u(F/) (Tn) = Tu(F')fl, VF'eJ. 
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Since T G a™(lZ)', we now we use the relation u(F')Tu(F') = T for 
all F' G T as follows. 

Tfl = u(F')Tu(F')*tt 

= u(F')p u ( F i}*(TQ) (using relation [TTj) 

= u{F')p u{FI) A Y, KI,F)u{I)u{F)Sl\ (usingUi 

= u{F') Y Hl,F)p u{F , r ( U (I)u(F)n) 

= Y \{I,F)u(F')u(I)u(F)u(F')*n 

= Y VF>(I,F)\(I,F)u(I)u(F)n, 
ieV,FeT 

where p F >(I,F) = (-1) ct f'(^f) with 

a F ,(I,F) = \I\\F'\ + |F||F'| - |FnF'|. 

Since the expansion [16] is unique we must have a F i (I, F) is even for 
all F' G T . So we conclude, in the expansion [TBI of TO, A(/, F) = 
except for the terms indexed by (I,F) satisfying |/| is even and F 
is empty. Since we started with an arbitrary element of FLf f2, we 
have 

Hfn = • • • ■. & ■ ■ ■ & m g l 2 ((o, t), k c ), m g n ] 

= [£i A&A- A 6m! 6,6 •••6m. G L 2 (0,t),/c c ), mG N ]. 

To prove the remaining assertion, notice, for B A = TSt, 

with T G a"(M)', that 

imfi = TS t mn = a%(m)Tn = a?(m)An. 

Suppose Hf n Q B A s lo = ■ ■ ■ «(6n)^ and HfQ, B A t u = 

u{rn)u(r]2) ■ ■ ■ u(rj2m>)tt, then 

A s A t Q = A s u(rn)u(r} 2 ) ■ ■ • u(r] 2rn ,)Q 

= a™ («(»7lM»72) • • • «(»72m'))^a fi 

= u(S s r)i)u(S s r) 2 ) • • • u(S s r)2 m i)u(£i)u(£ 2 ) ■ ■ ■ u(£ 2n )fl 
The above computation shows that 

U s ,t ((u(£i)u(&) ■ ■ ■ u(£ 2n )tt) ® (u(Vl)u(m) ■ ■ ■ V>(V2m')ti)) 

= u(S s r)i)u(S s r) 2 ) ■ ■ ■ u{S s ri 2ml )u{£i)u{£ 2 ) ■ ■ ■ u(£ 2n )tt, 
which consequently implies the remaining assertion of the proposi- 
tion. The proposition is proved. □ 
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Proposition 8.16. The even Clifford flow of rank n has the same 
super product system as the Clifford flow of index n. 

Proof. Observe that the GNS Hilbert space for even Clifford flow of 
rank n is the subspace of the antisymmetric Fock space generated by 
the even particle spaces, which is H e ' n . Let f3 n be the even Clifford 
flow of rank n with n G {1, 2, 3 • • • oo}. 

We have the isometry Uf : Hf ® H e i— > H e defined by 
Ut& A H ■ ■ ■ A ZD ® (CI A 6 • • • A £ 2m )) 

= r t & a r^ 2 • • • a r^ 2m a £ a g • • • a eL- 

Direct verification shows, for £| G iff , the operator 
defines an intertwiner for /3f. Hence Hf C H^Q. 

on 

To show the other way, fix f > and an arbitrary H£ B A = TSt, 
with T G P?(M)'. Then ,40 = TS t O = TO. Let P e (respectively 
Je) consist of the tuples in "P (respectively J 7 ) with even length, and 
"P (respectively ,F ) the tuples with odd length. Then 

{u{I e )u{F e )n : I e G V e ,F e G JF e } U {«(I )u(F )Q : I G P ,F G -F } 

forms an orthonormal basis for H e . Therefore there exists a unique 

expansion of TQ as 

(18) 

Y X(I e ,F e )u(I e )u(F e )n + Klo,F )u(I )u(F )n, 

with X(I e ,F e ),X(I ,F ) G C. 

Thanks to lemma l8.14l and [T8l using the relation u{F' e )Tu{F' e ) = T 
for all F' e G T e , 

m = u{F' e )Tu{F' e yn 

= u{F' e )p <F ,y{T<n) 

= Yl Kh,F e )u(F' e )u{I e )u(F e )u(F' e y£l 
+ Y. X(I ,F )u(F' e )u(I )u(F )u(F' e y^ 
= fJ,' F ,(F e )X(I e ,F e ) U (I e )u(F e )n 
+ Y ^ Fl (Fo)X(I ,F )u(I )u(F )n, 

I &Vo,F eT 
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where fip^F e / ) = (^—l^ F ^ Fe/o ^ with 

a Fz(F e /o) = \ F e/o\\K\ - \ F e/o n F eY 

Here we have used the fact that u{F' e ) and u(I e / ) commute. Again 
using the uniqueness of the expansion, forces cr' F ,(F e / ) is even for all 
F' e S T. So we conclude, in the expansion [TBI of TQ, X(I e ,F e ) = 
except for the terms indexed by (I e ,F e ) with F e empty, and that 
X(I ,F ) = for all (I ,F ). Since we started with an arbitrary 
element of $7, we have Q = H^' n . The remaining assertion 
about the unitary U s ,t can be verified in an exactly similar manner 
as in Proposition 18.151 □ 

Remark 8.17. Note that the above super product systems for Clif- 
ford flows and even Clifford flows are not product systems. 

From Remark 15.121 and Corollary 17.41 the following corollary is 
immediate. 

Corollary 8.18. The coupling index of Clifford flows and even Clif- 
ford flows is zero for any rank. 

Now we turn our attention to free flows. We fix the following 
notations for free Fock space. Let {ej}j £ N be an orthonormal basis 
for L 2 ((0,oo),k). Let 

X = {I = (ii, i 2 ■ ■ ■ i m ) : i\ £ N, < I < m, m € N }. 

(When m = the tuple is empty.) For I = (ii, i 2 • ■ ■ i m ) G I, define 

l(l) = l(f il )l(fi 2 )---l(f im ); 

s(I) = s(f h )s(fii)---4fiJ- 

Then {Z(J)0 : I € 1} forms an orthonormal basis for the free Fock 
space H = T f (L 2 {R + - k c )). (We assume 1(1)0, = Q = s(I)Q for 
the empty tuple I.) We call a tuple I = % 2 ■ ■ ■ i m ) as reduced if 
il ^ ii + \ for all 1 < I < m — 1. Using induction, it is easy to verify, 
for any reduced tuple I = i 2 ■ ■ ■ i m ) S X, i\ ^ i G N, we have 

s(I)Q = 1(1)0; s(H)Q = l(U)Q; s(i 2 /)fi = l(i 2 I)0 + 1(1)0. 

(By (i r I) we denote the concatenated tuple (i, i, ■ ■ ■ i, i\, • • • i n ).) Fur- 
ther 

m 

r=0 

m 

r=0 
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for all n G N. k r m are positive integers satisfying relations k r m = if 
r > n or r < 0, and &2m+l = = fc 2 ^~ f° r an r - Further k\ = \ = k\ 
and the following recursive relation hold 

k 2r+l _ k 2r+2 , , 2r . , 2r _ , 2r+l , jl2t-1 wn <r<m 
rc 2m+l ~~ h 2m + ft 2m> ft 2m — K 2m+1 + ft 2m ' — — rn - 

These relations can be extended to a tuple of the form (i ri Iii V2 l2 ■ ■ ■ i Tp Ii), 
where Ii G X are reduced tuples for 77 G No 1 < / < p. So we have 
positive integers k(I,I') such that 

(19) s(J)0 = k(i,i')i(i')n, v/gx 

/'ex 

and I') is zero except for finitely many I' for any fixed I EX. 

For any reduced tuple / = {h,i2 • • • im) 6 I, «i / i £ N, we 
have l(i 2 I)£l = s(i 2 I)Q — s(7)0. Using induction, generalizing to a 
recursive relation for /(■) in terms of s(-) similarly as above, we can 
conclude there exists integers k'(I,I') satisfying 

(20) i(i')n = I)s(I)n, V I' G X. 

/ex 

Again this decomposition is unique and finite. We have 

(21) Y fe '( j/ > J ") = S l'l" V J '' J " G X - 
/ex 

(22) fc(I, l')*^/') I") = <*/,/" V /, J" G X 
/'ex 

Let T^(L 2 ((0, 00), k c )) is the finite linear span of all finite particle 
vectors. 

Lemma 8.19. Every £ G T^(X 2 ((0, 00), k c )) /ias a unique expansion 
as 

e = 2>(/MJ)a 

/ex 

Proof. Existence of the expansion follows, since {Z(/)r2 : / G X} is an 
orthogonal basis and from equation[20j For any £ G Tj(L 2 ((0, 00), k)) 
with £ = X^/'ex A(J')Z(J')0 we have the decomposition 

/ex V/'ex / 

Since £ G r°(L 2 ((0, 00), k)), the length of I' is bounded, and hence 
any fixed / can future in k(I',I) for only finitely many I'. This 
implies that, in the above expression, Yli'ez ^(-O^'C'j -0 ^ s a finite 
sum. 
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Now suppose £ = J2iex M-O s (-D^ be any other expansion, then 
we have 



/'ex / 

This implies Yli&x K^H 1 , -O = K 1 ') for a11 l ' G x - (Again note 
that this is a finite sum.) Now using relation l22l we have 



Let P n be the projection onto the closed subspace of free Fock 
space [1(1)0, : I G X, \I\ < n]. 

Lemma 8.20. For every m G ^(k) i/iene exists an m n G *3?(k) suc/i 
i/iai P n (mn) = m n fL 

Proof. Any s(/i)s(/2) • • • s(f n )Q can be expanded as linear combi- 
nation of l(fii)l(fi 2 ) " " " Kfii)^ with ii,«2 ■ ■ ^ {1) 2 • • • n} and vice 
versa for l{g\)l(g2) • • • l(9n)Q- This implies that the lemma holds true 
for elements of the form m = s(/i)s(/2) • • • s(f n ), and for their linear 
combinations. Since 



$(k) = {s(/iM/ 2 ) • • • : /i, h ■ ■ ■ fn G ^ 2 ((0, oc), k), n G N} 



to prove the remaining assertions, it is enough if we prove, for any net 
{m\ : A G A} satisfying P n m\Q = (mj)„fl and m\ — > m strongly, it 
follows that (m\) n also converges strongly to some m n G ^(k) and 
P n m£l = m n Vt. 

Clearly (m\) n Q, converges to P n m£l. Consequently for any ar- 
bitrary mo G $(k) m"moO = p mo (( m A)n^) is convergent. This 
means, since {{m\) n : A G A} is a bounded net, it is strongly 
convergent. Finally if (m\) n —> m n G $(k) strongly, then clearly 
P n m£l = m n Q. □ 

We can replace ^(k) by its commutant, s(.) by the right multipli- 
cation p s f\ and by exactly imitating the proof we can arrive at the 
following Corollary. 

Corollary 8.21. For every m' G 3>(k)' there exists an m' n G <J>(k)' 
such that P n (m'U) = m' n Q. 




]T \(i')k'(i',i) = E E Ki")Ki,i')k'(i',i") 



I'ex i'£ii"ex 



= V/el 

Hence the expansion is unique. 



□ 
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Lemma 8.22. Let 7 be the free flow on <l?(k). Then for every £ G 
H?Q P n i G il/fi /or all n £ N and t > 0. 

Proo/. We have W t = [<5>(k)S t ] n [$(k)'£ t ]. So, for TS t G £T£ , there 
exists nets {m\ : A G A} C $(k) {m^, : A' G A'} C $(k)' satisfying 

m^5t — > T/St and m'ySt — > TSt strongly. 

Then both {(m\) n Q} and {(m' x ,) n Cl} converges to TQ. This implies 
for any m G $(k), that (m A ) fl S'{mo^ = P lt {m ){{ m \)n^) converges 
to p lt r mo \(T£X) . But by Lemma 18.141 we have 

P-yt(m ){TQ) = Tj t (m )Q = TS t m Q. 

So we conclude that (m\) n St converges strongly to TSt- Replacing 
appropriately with primes and left action of 3>(k)', and by exactly 
the same reasoning, we get (m' x ,) n St converges strongly to TSt- So 

p r £ g Mk)s t ] n Mkys t ] = H?n. □ 

Proposition 8.23. Let 7 be free flow on $(k) of any rank. Then 
H? = CS t for allt>0. 



Proof Clearly S t G H] for all t > 0. For any £ G P n £ -> £ 
as n 00. So, thanks to Lemma 18.221 it is enough if we prove 
that H?Sl n r°(L 2 ((0, oo), k c )) = C. Let TS t G such that TO G 
r°(L 2 (]R + ; k c )) with T G 7t($(k))' be any arbitrary element. As 
before let {ejjjgN be an orthonormal basis for L 2 ((0, 00), k) and also 
let {/ijjjgN Q {e,}j e N be an orthonormal basis for L 2 ((t, 00), k). By 
Lemma 18.191 there exists a unique expansion 

(23) Tn = Yl *C0»C0 n . A ( J ) e c - 

lex 

Note that G a t ($ (k)). So by lemma IH7T41 we have 

(24) p s ^(TQ.) = Ts(hj)£l, V j 6 N. 

Since T G 7 t ($(k))', we have s{hj)T9, = Ts(hj)n for all j G N. 
Using equations [23] and [25] we have 

2 \(L) s (f,)s(i)n = HiWWj)n v j g n. 

/ex /ex 

Since this expansion is unique, A(I) = for any non-empty tuple 
not ending with j. But this is true for all j, so A(/) = for any 
non-empty L G I. So T£l = Af2 for some A G C and proof of the 
proposition is over. □ 
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9. NON COCYCLE CONJUGACY 

Even though both the Gauge dimension and coupling index are 
zero for Clifford flows and even Clifford flows of any index, we still 
show in this section that both these families contain mutually non 
cocycle conjugate Eo-semigroups. We use the index defined through 
boundary representation by Alevras (see [21] and [1]) and analogues 
of the C*— semiflows introduced by Remus Floricel in [lOj . 

We briefly recall the definition of boundary representation as de- 
fined by R. Powers and the index defined by Alveras, which is a con- 
jugacy invariant. Let a be an Eo-semigroup on a Hi factor M with 
generator 5, whose domain we denote by Dom{5). The generator 
— d of the canonical unit {St : t > 0} is a maximal skew-symmetric 
operator whose deficiency space can be identified with the Hilbert 
space K = Dom(d*)/ Dom(d), with respect to the inner product 
{•, -) defined by 

It is shown in |21] that elements m G Dom{5) leave both Dom(d*) 
and Dom(d) invariant, and that the map 

iT a (m) : Dom(8) h-> B(K), 7r Q (m)[£] = [m£] 

is a norm continuous *— representation of Dom(5). 

If p G TY a (Dom(6)y is the largest projection such that the subrep- 
resentation Tr a ( m )\pK is normal, then by extending we get a normal 
representation of M on pK. The Powers-Alevras index is defined as 
the M-dimension of this representation, that is Ind(a) = dim.M(pK). 

For Clifford flows p = 1 and the boundary representation extends 
to a normal representation of 1Z on K = Dom(d*) / Dom{d) (see [21] ). 
Since the Clifford flow of rank n is a restriction of the corresponding 
CAR flow of rank n, and the antisymmetric Fock space is the GNS 
Hilbert space for 1Z, it follows from |21] that the Powers-Alevras 
index for Clifford flow of rank n is also n. It is mentioned in [1] that 
the index for even Clifford flow of rank 1 is 1. We give a proof for 
general rank n. 

For a fixed multiplicity n, denote the generators of the Clifford 
flow and even Clifford flow of rank n by b and 8 e , and denote the 
generators of their respective canonical units by — d and — d e . We 
will denote the boundary representation of the Clifford flow by n 
and of the even Clifford flow by 7r e . For definiteness we write 7Z D 
lZ e for the factor /subfactor pair given by the Hyperfinite Hi factor 
generated by even products of {u(f) : f G L 2 (M + ;k)} embedded 
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inside the Hyperfinite Hi factor generated by all products of {«(/) : 



Lemma 9.1. There is a canonical inclusion of Dom(<i*)/Dom((i e ) 
inside Dom(d*)/Dom((i) under which the restriction of ir to 1Z e has 
invariant subspace Dom((i*)/Dom(<i e ). 

Proof. Since the canonical unit for the Clifford flow respects the de- 
composition r a (L 2 (!L|_; k)) = H Q © H e into odd and even compo- 
nents, its generator splits into a direct sum d = d$ © d e , so there 
is a canonical inclusion Dom(d*) — > Dom(d*). This well-defines an 
inclusion of quotient spaces because Dom((f e ) = Dom(d) n H e , so if 
£i,f 2 S Dom(d*) with £1 — £2 G Dom(d), then £1 - £ 2 G Dom(d e ). 
The rest of the Lemma is immediate. □ 

Note that if V is the inclusion of LemmaEUthen ir e (x) = V*ir(x)V, 
so 7r e extends to a normal representation of lZ e . 

Proposition 9.2. For the even Clifford flow of multiplicity n the 
Powers- Alevras index is n. 

Proof. Pick an orthonormal basis e±, . . . ,e n for k and write e(j) = 
\[2e~ x © ej for each j = l,...,n. Recall from [2T] and pQ that 
the boundary representation of the Clifford flow decomposes into an 
orthogonal sum of n standard 7£-modules, each with an [e(j)] as its 
cyclic and separating vector. 

Pick a unit vector / £ Dom(ci), then under the inclusion of Lemma 



(25) Vir e {n e )[f A e(j)} = ir(H)[e(j)] n VBom(d* e ) /Bom(d e ) 



for each j = 1, . . . , n. Indeed, the left hand side is clearly contained 
in the right, whereas 



tt(u(/i) • • • n(/ 2n _ 1 ))[e(j)] = tt(u(/i) • • • n(/ 2n _ 1 )n(/))[/ A e(j)], 



which gives the reverse inclusion. It follows from (|25p that the 
[/ A e(j)] generate pairwise orthogonal 7£ e -modules and these span 



/GL 2 (M + ;k)}. 



Dom(d*)/Dom(d e ). Finally, if 
vr e (x)[/Ae(j)] 



7Te(i/)[/Ae(i)] 



for some x,y £ lZ e then 

vr( OT (/))[ e (i)] 



7r(^(/))[e(j)]. 



So we have xu(f) = yu{f) by the separating property of [e(j)]. It 
follows that x = y and hence Dom(<i*)/Dom((i e ) decomposes into n 
standard 7?. e -modules. □ 
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For each t > let A a {t) := at(M)' n M. Since these algebras form 
an increasing filtration, we follow [ID], and define the inductive limit 

C*-algebra A a := Ut>o^«(^) > together with a semigroup of *- 
endomorphisms a|^ Q - This is called the C*-semiflow corresponding 
to a. Since this is a subalgebra of M there is a canonical trace on 
A a which we denote by r a . 

Proposition 9.3. If a and f3 are cocycle conjugate E^-semigroups 
then their C* -semiflows are conjugate. Moreover, the intertwining 
* -isomorphism 7 : A a — > Ap is implemented by a unitary : 
L (A a ,T a ) — > L 2 (A/3,Tp) between the corresponding GNS spaces. 

Proof. Without loss of generality we may assume that a is a co- 
cycle perturbation of /3. If (3 t = Adjj t o a t , for some a— cocycle 
{Ut : t > 0}, then the *-isomorpism 7 : A a Ap is constructed 
precisely as in |10j . Proposition 1.3, by taking the inductive limit 
of the maps Adjj t \A a {t) — > Ap{t). Further 7 intertwines a\^ a and 
P\a.b- Since each Ad\j t intertwines the corresponding induced traces, 
the inductive limit 7 satisfies rg 07 = r a . The rest of the proposition 
follows immediately. □ 

We call the triple (A a , a\_^ a , r Q ) the r-semiflow for a. The above 
lemma shows that two cocycle conjugate Eo-semigroups have isomor- 
phic (in the obvious sense of the word) r-semiflows. For the free flows, 
the r-semiflow is trivial, A a = CI. However, the following propo- 
sition shows that, when it is large enough, the triple (A a , a\jx a ,T a ) 
says quite a lot about a. 

Proposition 9.4. Let a, (3 be E^-semigroups on the ll\ factor M 
and suppose that A a is ultraweakly dense in M. If the T-semiflow 
for a is isomorphic to the T-semiflow of (3 then a is conjugate to a 
restriction of (3. 

Proof. The isomorphism between the semiflows is implemented by a 
unitary U-y between the respective GNS spaces, as in Proposition [9j3j 
Since A a is ultraweakly dense in M we have 

L 2 (M,r) = L 2 (A a ,r a ). 

Now we see that Adjj^ induces an injective *— homomorphism 7 : 
M — > B(L 2 (Ap, Tg)). It is clear that 7 intertwines a with the restric- 
tion of (3 to the ultraweak closure of An, as required. □ 

Corollary 9.5. Let a and (3 be E^-semigroups on the II\ factor M 
such that both A a and Ar are ultraweakly dense in M. Then a is 
cocycle conjugate to (3 if and only if a is conjugate to (3. 
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Proof. If a and /3 are cocycle conjugate then their r-semiflows are 
isomorphic. Hence it follows from the proof of Proposition 19.41 that 
a is conjugate to /?. □ 

Theorem 9.6. Even Clifford flows with different rank are not cocycle 
conjugate. Furthermore Clifford flows with different rank are not 
cocycle conjugate. 

Proof. Pick a real Hilbert space k of dimension n and construct the 
corresponding even Clifford flow (3 n . If / and g are functions in 
L 2 ([0,t];k) then u(f)u{g) belongs to ^(M)'nM, hence to Apn. But 
the compactly supported functions are dense in L 2 (M + ;k), so these 
elements generate the even Clifford algebra in the strong topology. 
Thus if (3 n and f3 m are cocycle conjugate even Clifford flows, then 
they satisfy the conditions of Corollary 19.51 so are conjugate. In 
particular this implies they have the same boundary index, as defined 
in [1], and hence by Proposition 19.21 thev have the same rank, that 
is n = m. 

If Clifford flows of rank n and m are cocycle conjugate, then their 
r-semiflows are isomorphic. It is easily seen that the Clifford flow of 
rank n (respectively m) has the same r-semiflow as the even Clifford 
flow of rank n (respectively m). Since the r-semiflows are isomorphic, 
the corresponding even Clifford flows are conjugate, hence by the first 
part of the theorem n = m. □ 

Remarks 9.7. 1. The result in Theorem \9.6\ is in sharp contrast to 
the case of reversible flows on the hyperfinite II\ factor arising from 
second quantization of bilateral shifts. These are all cocycle conjugate 
by a result of Kawahigashi ^|15j ). 

2. If a Clifford flow is cocycle conjugate to an even Clifford flow 
then they have isomorphic r-flows, hence it follows that they have 
the same rank. However, we cannot yet show that the Clifford flow 
of rank n is not cocycle conjugate to the even Clifford flow of rank n. 
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